Dynamics of postcritically bounded 
polynomial semigroups 

Hiroki Sumi 
Department of Mathematics 
Graduate School of Science 
Osaka University 
1-1, Machikaneyama, Toyonaka, Osaka, 560-0043, Japan 
E-mail: sumi@math.sci.osaka-u.ac.jp 



http:/ /www. math. sci.osaka-u.ac.jp/ ^sumi/ welcomeou-e.html 



November 26, 2007 



Abstract 

We investigate the dynamics of semigroups generated by polyno- 
mial maps on the Riemann sphere such that the postcritical set in the 
complex plane is bounded. Moreover, we investigate the associated 
random dynamics of polynomials. We show that for such a polyno- 
mial semigroup, if A and B are two connected components of the 
Julia set, then one of A and B surrounds the other. A criterion for 
the Julia set to be connected is given. Moreover, we show that for any 
n G N U {^^o}) there exists a finitely generated polynomial semigroup 
with bounded planar postcritical set such that the cardinality of the 
set of all connected components of the Julia set is equal to n. Further- 
more, we investigate the fiberwise dynamics of skew products related 
to polynomial semigroups with bounded planar postcritical set. Using 
uniform fiberwise quasiconformal surgery on a fiber bundle, we show 
that if the Julia set of such a semigroup is disconnected, then there 
exist families of uncountably many mutually disjoint quasicircles with 
uniform dilatation which are parameterized by the Cantor set, densely 
inside the Julia set of the semigroup. Moreover, we show that under a 
certain condition, a random Julia set is almost surely a Jordan curve, 
but not a quasicircle. Furthermore, we give a classification of poly- 
nomial semigroups G such that G is generated by a compact family. 
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the planar postcritical set of G is bounded, and G is (semi-) hyper- 
bolic. Many new phenomena of polynomial semigroups and random 
dynamics of polynomials that do not occur in the usual dynamics of 
polynomials are found and systematically investigated. 

2000 Mathematics Subject Classification. Primary: 37F10; Secondary: 37H10. 
Keywords: Polynomial semigroups, Random complex dynamical systems, 
Julia sets. 
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1 Introduction 



The theory of complex dynamical systems, which has its origin in the impor- 
tant work of Fatou and Julia in the 1910s, has been investigated by many 
people and discussed in depth. In particular, since D. Sullivan showed the fa- 
mous "no wandering domain theorem" using Teichmiiller theory in the 1980s, 
this subject has attracted many researchers from a wide area. For a general 
reference on complex dynamical systems, see Milnor's textbook [19] . 

There are several areas in which we deal with generalized notions of clas- 
sical iteration theory of rational functions. One of them is the theory of dy- 
namics of rational semigroups (semigroups generated by holomorphic maps 
on the Riemann sphere C), and another one is the theory of random dynamics 
of holomorphic maps on the Riemann sphere. 

In this paper, we will discuss these subjects. A rational semigroup is a 
semigroup generated by a family of non-constant rational maps on C, where C 
denotes the Riemann sphere, with the semigroup operation being functional 
composition ([H]). A polynomial semigroup is a semigroup generated by 
a family of non-constant polynomial maps. Research on the dynamics of ra- 
tional semigroups was initiated by A. Hinkkanen and G. J. Martin ( [Til [T5] ). 
who were interested in the role of the dynamics of polynomial semigroups 
while studying various one-complex-dimensional moduli spaces for discrete 
groups, and by F. Ren's group ([^ [T3]). who studied such semigroups from 
the perspective of random dynamical systems. Moreover, the research on 
rational semigroups is related to that on "iterated function systems" in frac- 
tal geometry. In fact, the Julia set of a rational semigroup generated by 
a compact family has " backward self-similarity" (cf. Lemma |3.H |2|). For 
other research on rational semigroups, see [2S1 [23, 123 Sll [2H1 EHl 1121 US], and 

mm- 

The research on the dynamics of rational semigroups is also directly re- 
lated to that on the random dynamics of holomorphic maps. The first study 
in this direction was by Fornaess and Sibony (^llj), and much research has 
followed. (See [SI El El H [12].) 

We remark that the complex dynamical systems can be used to describe 
some mathematical models. For example, the behavior of the population of 
a certain species can be described as the dynamical system of a polynomial 
f{z) = az{l — z) such that / preserves the unit interval and the postcritical 
set in the plane is bounded (cf. [U]). From this point of view, it is very 
important to consider the random dynamics of such polynomials (see also 
Example 1 1.4p . For the random dynamics of polynomials on the unit interval, 
see [31J- 

We shall give some definitions for the dynamics of rational semigroups: 
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Definition 1.1 [TB]). Let G be a rational semigroup. We set 

F{G) = {z eC\Gis normal in a neighborhood of z}, J{G) = C \ F{G). 

F{G) is called the Fatou set of G and J{G) is called the Julia set of G. We 
let {hi,h2, . . .) denote the rational semigroup generated by the family {hi}. 
The Julia set of the semigroup generated by a single map g is denoted by 

Jig)- 

Definition 1.2. 

1. For each rational map (7 : C C, we set GV{g) := {all critical values of g : 
C ^ C}. Moreover, for each polynomial map g : C ^ C, we set 
GV*ig) := GVig)\{oo}. 

2. Let G be a rational semigroup. We set 

P{G):=[jGV{g) (C C). 
geG 

This is called the postcritical set of G. Furthermore, for a polyno- 
mial semigroup G, we set P*{G) := P{G) \ {00}. This is called the 
planar postcritical set (or finite postcritical set) of G. We say 
that a polynomial semigroup G is postcritically bounded if P*{G) 
is bounded in C 

Remark 1.3. Let G be a rational semigroup generated by a family A of 
rational maps. Then, we have that P{G) = Ug<^Gu{id} g{^heACV{h)), where 
Id denotes the identity map on C, and that g{P{G)) C P{G) for each g E G. 
From this formula, one can figure out how the set P{G) (resp. P*{G)) spreads 
in C (resp. C). In fact, in Section [2IH1 using the above formula, we present a 
way to construct examples of postcritically bounded polynomial semigroups 
(with some additional properties). Moreover, from the above formula, one 
may, in the finitely generated case, use a computer to see if a polynomial 
semigroup G is postcritically bounded much in the same way as one verifies 
the boundedness of the critical orbit for the maps fc{z) = z"^ + c. 

Example 1.4. Let A := {h{z) = cz^il - zf \ a,b e N, c> 0, c{^)''{^f 
< 1} and let G be the polynomial semigroup generated by A. Since for 
each /i e A, /i([0,l]) C [0,1] and GV*{h) C [0,1], it follows that each 
subsemigroup if of G is postcritically bounded. 

Remark 1.5. It is well-known that for a polynomial g with deg{g) > 2, 
P* (((?)) is bounded in C if and only if J{g) is connected ([191 Theorem 9.5]). 
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As mentioned in Remark 11.5^ the planar postcritical set is one piece of 
important information regarding the dynamics of polynomials. Concerning 
the theory of iteration of quadratic polynomials, we have been investigating 
the famous "Mandelbrot set" . 

When investigating the dynamics of polynomial semigroups, it is natural 
for us to discuss the relationship between the planar postcritical set and the 
figure of the Julia set. The first question in this regard is: 

Question 1.6. Let G be a polynomial semigroup such that each element 
g E G is of degree at least two. Is J{G) necessarily connected when P*{G) 
is bounded in C? 

The answer is NO. 

Example 1.7 ([B]). Let G = {z^, Then P*{G) = {0} (which is bounded 
in C) and J{G) is disconnected is a Cantor set of round circles). 

Furthermore, according to [Ml Theorem 2.4.1], it can be shown that a small 
perturbation H of G still satisfies that P*{H) is bounded in C and that 
J{H) is disconnected. {J{H) is a Cantor set of quasi-circles with uniform 
dilatation.) 

Question 1.8. What happens if P*{G) is bounded in C and J{G) is discon- 
nected? 

Problem 1.9. Classify postcritically bounded polynomial semigroups. 

In this paper, we show that if G is a postcritically bounded polynomial 
semigroup with disconnected Julia set, then oo G F{G) (cf. Theorem 12.1 9t fTI) . 
and for any two connected components of J{G), one of them surrounds the 
other. This implies that there exists an intrinsic total order " < " (called 
the "surrounding order") in the space J'g of connected components of J{G), 
and that every connected component of F{G) is either simply or doubly 
connected (cf. Theorem 12. 7p . Moreover, for such a semigroup G, we show 
that the interior of "the smallest filled-in Julia set" K{G) is not empty, and 
that there exists a maximal element and a minimal element in the space J^g 
endowed with the order < (cf. Theorem I2.19p . From these results, we obtain 
the result that for a postcritically bounded polynomial semigroup G, the 
Julia set J{G) is uniformly perfect, even if G is not generated by a compact 
family of polynomials (cf. Theorem 12.211) . 

Moreover, we utilize Green's functions with pole at infinity to show that 
for a postcritically bounded polynomial semigroup G, the cardinality of the 
set of all connected components of J{G) is less than or equal to that of 
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J{H), where H is the "real affine semigroup" associated with G (cf. The- 
orem From this result, we obtain a sufficient condition for the Julia 
set of a postcritically bounded polynomial semigroup to be connected (cf. 
Theorem 12 .141) . In particular, we show that if a postcritically bounded poly- 
nomial semigroup G is generated by a family of quadratic polynomials, then 
J{G) is connected (cf. Theorem I2.15p . The proofs of the results in this and 
the previous paragraphs are not straightforward. In fact, we first prove (1) 
that for any two connected components of J{G) that are included in C, one 
of them surrounds the other; next, using (1) and the theory of Green's func- 
tions, we prove (2) that the cardinality of the set of all connected components 
of J{G) is less than or equal to that of J{H), where H is the associated real 
affine semigroup; and finally, using (2) and (1), we prove (3) that oo G F{G), 
int(i^(G')) 7^ 0, and other results in the previous paragraph. 

Moreover, we show that for any n G N U {Hlo}, there exists a finitely 
generated, postcritically bounded, polynomial semigroup G such that the 
cardinality of the set of all connected components of J{G) is equal to n 
(cf. Proposition 12.251 Proposition 12.271 and Proposition I2.28j ). A sufficient 
condition for the cardinality of the set of all connected components of a Julia 
set to be equal to Kq is also given (cf. Theorem I2.26p . To obtain these 
results, we use the fact that the map induced by any element of a semigroup 
on the space of connected components of the Julia set preserves the order 
< (cf. Theorem 12.71) . Note that this is in contrast to the dynamics of a 
single rational map h or a non-elementary Kleinian group, where it is known 
that either the Julia set is connected, or the Julia set has uncountably many 
connected components. 

Applying the previous results, we investigate the dynamics of every se- 
quence, or fiberwise dynamics of the skew product associated with the gener- 
ator system (cf. Section [23]). Moreover, we investigate the random dynamics 
of polynomials acting on the Riemann sphere. Let us consider a polynomial 
semigroup G generated by a compact family F of polynomials. For each 
sequence 7 = (71, 72, 73, . . .) G F^, we examine the dynamics along the se- 
quence 7, that is, the dynamics of the family of maps {7„ o ■ ■ ■ o 71}^^. We 
note that this corresponds to the fiberwise dynamics of the skew product (see 
Section 12.51) associated with the generator system F. We show that if G is 
postcritically bounded, J{G) is disconnected, and G is generated by a com- 
pact family F of polynomials; then, for almost every sequence 7 G F^, there 
exists exactly one bounded component of the Fatou set of 7, the Julia set 
of 7 has Lebesgue measure zero, there exists no non-constant limit function 
in U.y for the sequence 7, and for any point z E U^, the orbit along 7 tends to 
the interior of the smallest ffiled-in Julia set K{G) of G (cf. Theorem 12.401 - 
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[21 Corollary I2.5ip . Moreover, using the uniform fiberwise quasiconformal 
surgery (cf. Theorem I4.2ip . we find sub-skew products / such that / is 
hyperbolic and such that every fiberwise Julia set of / is a if-quasicircle, 
where is a constant not depending on the fibers (cf. Theorem I2.40t l3l). 
Reusing the uniform fiberwise quasiconformal surgery, we show that if G is 
a postcritically bounded polynomial semigroup with disconnected Julia set, 
then for any non-empty open subset V of J{G), there exists a 2-generator 
subsemigroup H of G such that J{H) is the disjoint union of "Cantor family 
of quasicircles" (a family of quasicircles parameterized by a Cantor set) with 
uniform distortion, and such that J{H) (IV ^ (cf. Theorem 12.451) . Note 
that the uniform fiberwise quasiconformal surgery is based on solving un- 
countably many Beltrami equations (a kind of partial differential equations). 

We also investigate (semi-)hyperbolic, postcritically bounded, polynomial 
semigroups generated by a compact family F of polynomials. We show that 
if G is such a semigroup with disconnected Julia set, and if there exists an 
element g & G such that J{g) is not a Jordan curve, then, for almost every 
sequence 7 G F^, the Juha set of 7 is a Jordan curve but not a quasicircle, the 
basin of infinity is a John domain, and the bounded component of the 
Fatou set is not a John domain (cf. Theorem 12.481) . Moreover, we classify 
the semi-hyperbolic, postcritically bounded, polynomial semigroups gener- 
ated by a compact family F of polynomials. We show that such a semigroup 
G satisfies either (I) every fiberwise Julia set is a quasicircle with uniform 
distortion, or (II) for almost every sequence 7 G F^, the Julia set is a 
Jordan curve but not a quasicircle, the basin of infinity is a John domain, 
and the bounded component of the Fatou set is not a John domain, or 
(III) for every G F^, the intersection of the Julia sets Ja and Jg is not 
empty, and J{G) is arcwise connected (cf. Theorem I2.52p . Furthermore, we 
also classify the hyperbolic, postcritically bounded, polynomial semigroups 
generated by a compact family F of polynomials. We show that such a semi- 
group G satisfies either (I) above, or (II) above, or (III)' for every G F^, 
the intersection of the Julia sets Ja and Jp is not empty, J{G) is arcwise con- 
nected, and for every sequence 7 G F^, there exist infinitely many bounded 
components of (cf. Theorem 12.541) . We give some examples of situation 
(II) above (cf. Example ElHl Example [233 and Section [2IHD • Note that 
situation (II) above is a special and new phenomenon of random dynamics 
of polynomials that does not occur in the usual dynamics of polynomials. 

The key to investigating the dynamics of postcritically bounded polyno- 
mial semigroups is the density of repelling fixed points in the Julia set (cf. 
Theorem l3.2p . which can be shown by an application of the Ahlfors five island 
theorem, and the lower semi-continuity of 7 t— > J-^ (Lemma 13.41 (21) . which is a 
consequence of potential theory. Moreover, one of the keys to investigating 



7 



the fiberwise dynamics of skew products is, the observation of non-constant 
hmit functions (cf. Lemma [4. 171 and [32] )■ The key to investigating the dy- 
namics of semi-hyperbohc polynomial semigroups is, the continuity of the 
map 7 1^ (this is highly nontrivial; see [32]) and the Johnness of the basin 
Ary of infinity (cf. |35j). Note that the continuity of the map ■j \—y does 
not hold in general, if we do not assume semi-hyperbolicity. Moreover, one 
of the original aspects of this paper is the idea of "combining both the theory 
of rational semigroups and that of random complex dynamics". It is quite 
natural to investigate both fields simultaneously. However, no study thus far 
has done so. 

Furthermore, in Section 12.81 and Section 12.41 we provide a way of con- 
structing examples of postcritically bounded polynomial semigroups with 
some additional properties (disconnectedness of Julia set, semi-hyperbolicity, 
hyperbolicity, etc.) (cf. Proposition 12.581 Theorem 12.611 Theorem 12.631) . 
For example, by Proposition 12.581 there exists a 2-generator postcritically 
bounded polynomial semigroup G = {hi,h2) with disconnected Julia set 
such that hi has a Siegel disk. 

As wee see in Example 11.41 and Section 12.81 it is not difficult to construct 
many examples, it is not difficult to verify the hypothesis "postcritically 
bounded", and the class of postcritically bounded polynomial semigroups is 
very wide. 

Throughout the paper, we will see many new phenomena in polynomial 
semigroups or random dynamics of polynomials that do not occur in the usual 
dynamics of polynomials. Moreover, these new phenomena are systematically 
investigated. 

In Section [2], we present the main results of this paper. We give some 
tools in Section El The proofs of the main results are given in Section HI 

There are many applications of the results of postcritically bounded poly- 
nomial semigroups in many directions. In the sequel [39], we will investigate 
Markov process on C associated with the random dynamics of polynomials 
and we will consider the probabihty Tao{z) of tending to oo G C starting 
with the initial value 2; G C. Applying many results of this paper, it will be 
shown in ^\ that if the associated polynomial semigroup G is postcritically 
bounded and the Julia set is disconnected, then the function Too defined on 
C has many interesting properties which are similar to those of the Cantor 
function. Such a kind of "singular functions in the complex plane" appear 
very naturally in random dynamics of polynomials and the results of this 
paper (for example, the results on the space of all connected components of 
a Julia set) are the keys to investigating that. (The above results have been 
announced in [IHIST].) 
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Moreover, as illustrated before, it is very important for us to recall that 
the complex dynamics can be applied to describe some mathematical models. 
For example, the behavior of the population of a certain species can be 
described as the dynamical systems of a polynomial h such that h preserves 
the unit interval and the postcritical set in the plane is bounded. When one 
considers such a model, it is very natural to consider the random dynamics 
of polynomial with bounded postcritical set in the plane (see Example 11.41) . 

In the sequel [29], we will give some further results on postcritically 
bounded polynomial semigroups, based on this paper. Moreover, in the se- 
quel ^38], we will define a new kind of cohomology theory, in order to investi- 
gate the action of finitely generated semigroups, and we will apply it to the 
study of the dynamics of postcritically bounded polynomial semigroups. 

Acknowledgement: The author thanks R. Stankewitz for many valuable 
comments. 

2 Main results 

In this section we present the statements of the main results. Throughout 
this paper, we deal with semigroups G that might not be generated by a 
compact family of polynomials. The proofs are given in Section HI 

2.1 Space of connected components of a Julia set, sur- 
rounding order 

We present some results concerning the connected components of the Julia 
set of a postcritically bounded polynomial semigroup. The proofs are given 
in Section WA\ 

Theorem 2.1. Let G he a rational semigroup generated by a family {/;.a}agA- 
Suppose that there exists a connected component A of J{G) such that jjA > 1 
and U\^\J{h\) C A. Moreover, suppose that for any A G A such that hx is a 
Mobius transformation of finite order, we have h'^'^{A) C A. Then, J{G) is 
connected. 

Definition 2.2. We set Rat :={/i:C— s>C|/iisa non-constant rational map} 

endowed with the topology induced by uniform convergence on C with respect 

to the spherical distance. We set Poly := {h : C ^ C \ h is a. non-constant polynomial} 

endowed with the relative topology from Rat. Moreover, we set Polydeg>2 := 

{g G Poly I deg{g) > 2} endowed with the relative topology from Rat. 
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Remark 2.3. Let d > 1, {pn}nm ^ sequence of polynomials of degree d, and 
p a polynomial. Then, p„ —>■ p in Poly if and only if the coefficients converge 
appropriately and p is of degree d. 

Definition 2.4. Let Q be the set of all polynomial semigroups G with the 
following properties: 

• each element of G is of degree at least two, and 

• P*{G) is bounded in C, i.e., G is postcritically bounded. 

Furthermore, we set Qcon = {G G Q \ J{G) is connected} and Qdis = {G G 
Q I J{G) is disconnected}. 

Notation: For a polynomial semigroup G, we denote hy J = Jq the set of 
all connected components J of J{G) such that J C C. Moreover, we denote 
by JT" = Jg the set of all connected components of J{G). 

Remark 2.5. If a polynomial semigroup G is generated by a compact set in 
Polydog>2, then cxo e F{G) and thus J = J . 

Definition 2.6. For any connected sets Ki and K2 in C, "i^i < K2" 
indicates that Ki = K2, or Ki is included in a bounded component of C\i^'2- 
Furthermore, "fTi < K2" indicates Ki < K2 and Ki ^ K2. Note that "<" is 
a partial order in the space of all non-empty compact connected sets in C. 
This "<" is called the surrounding order. 

Theorem 2.7. Let G E Q (possibly generated by a non-compact family). 
Then we have all of the following. 

1- {J ■, <) totally ordered. 

2. Each connected component of F{G) is either simply or doubly con- 
nected. 

3. For any g E G and any connected component J of J{G), we have 
that g~^{J) is connected. Let g*{J) be the connected component of 
J{G) containing g~^{J). If J e J, then g*{J) G J. // Ji, J2 G J and 
Ji < J2, then g-\Ji) < g-\J2) and g*{Ji) < g*{J2). 

For the figures of the Julia sets of semigroups G G Qdis, see figure [Hand 
figure O 
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2.2 Upper estimates of ^{J) 

Next, we present some results on the space J and some results on upper 
estimates of ^{J). The proofs are given in Section Wf2\ and Section H73l 

Definition 2.8. 

1. For a polynomial g, we denote by a{g) G C the coefficient of the highest 
degree term of g. 

2. We set RA := {ax + b e R[x] \ a,b e R,a ^ 0} endowed with the 
topology such that, a„x + 6„ — > ax + 6 if and only if a„ — a and 
bn — > b. The space RA is a semigroup with the semigroup operation 
being functional composition. Any subsemigroup of RA will be called 
a real affine semigroup. We define a map ^ : Poly RA as follows: 
For a polynomial g G Poly, we set '^{g){x) := deg{g)x + log |a((7)|. 

Moreover, for a polynomial semigroup G, we set ^E'(G') := {"^{g) \ g G 
G} (CRA). 

3. We set M := MU{±cx)} endowed with the topology such that {(r, +cx)]}reR 
makes a fundamental neighborhood system of +oo, and such that 
{[— oo, r)}j,gK makes a fundamental neighborhood system of — oo. For 

a real affine semigroup H, we set 

M{H) := {x eR\3he H, h{x) = x, \h'{x)\ > 1} (C M), 

where the closure is taken in the space R. Moreover, we denote by A4h 
the set of all connected components of M{H). 

4. We denote by rj : RA Poly the natural embedding defined by r]{x ^ 
ax + b) = {z az + b) , where x G M and 2; G C. 

5. We define a map : Poly — > Poly as follows. For a polynomial g, we 
set Q{g){z) = a{g)z^'^^^^\ Moreover, for a polynomial semigroup G, we 
set e(G) := {Qig) \geG}. 

Remark 2.9. 

1. The map \I' : Poly RA is a semigroup homomorphism. That is, 
we have \E'((yf o /?,) = '^[g) o Hence, for a polynomial semigroup 

G, the image "^{G) is a real affine semigroup. Similarly, the map G : 
Poly Poly is a semigroup homomorphism. Hence, for a polynomial 
semigroup G, the image Q{G) is a polynomial semigroup. 
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2. The maps \I/ : Poly — > RA, tj : RA — > Poly, and : Poly — > Poly are 
continuous. 

Definition 2.10. For any connected sets Mi and M2 in M, "Mi <^ M2" in- 
dicates that Ml = M2, or each {x, y) G Mi x M2 satisfies x < y. Furthermore, 
"Ml <r M2" indicates Mi <r M2 and Mi 7^ M2. 

Remark 2.11. The above "<r" is a partial order in the space of non-empty 
connected subsets of R. Moreover, for each real affine semigroup H, {Mh, <r) 
is totally ordered. 

Theorem 2.12. 

1. LetG be a polynomial semigroup inQ. Then, we have ^{Jg) < '^{•M.^{g))- 
More precisely, there exists an injective map ^ : Jq such that 
if Ji, J2 e Jg and Ji < J2, then ^(Ji) <r ^{J2)- 

2. IfG e Qdis, then we have thatM{^{G)) C R andM{^{G)) = J{r]{^{G))). 

3. Let G he a polynomial semigroup in Q. Then, ^{Jg) < '^{Jr){^{G)))- 

Corollary 2.13. Let G he a polynomial semigroup in Q. Then, we have 
^{Jg) < tt(<^e{G))- More precisely, there exists an injective map : Jg — > 
Je{G) such that if Ji, J2 G Jg and Ji < J2, then 0(Ji) G Je(G), ©(-'2) e 
Je(G), andQ{Ji) < ©(Ja). 

Theorem 2.14. Let G = {hi, . . . , km) he a finitely generated polynomial 
semigroup in Q. For each j = 1, . . . ,m, let aj he the coefficient of the highest 
degree term of polynomial hj. Let a :— minj=i^...^m{ (ieg(fe^)-i ^^S l%l} '^"'^ 
raaxj=i^,„^rn{ deg{h])-i IQjI}- ['^'/^] {x e \ a < X < P}. If 

[a,P] C Ufli"^ {hj)~'^ {[a, P]), then J{G) is connected. 

Theorem 2.15. Let G he a polynomial semigroup in Q generated hy a (pos- 
sibly non- compact) family of polynomials of degree two. Then, J{G) is con- 
nected. 

Theorem 2.16. Let G he a polynomial semigroup in Q generated hy a (possi- 
bly non-compact) family {/iaIasa of polynomials. Let a\ be the coefficient of 
the highest degree term of the polynomial h\. Suppose that for any A, ^ G A, 
we have (deg(/i^) — l)log|aA| = (deg(/iA) ~ l)log|Q^I- Then, J{G) is con- 
nected. 
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2.3 Properties of J 

In this section, we present some results on J . The proofs are given in Sec- 
tion iJl 

Definition 2.17. For a polynomial semigroup G, we set 

k{G) := G C I |J{^(;z)} is bounded in C} 

and call K{G) the smallest filled-in Julia set of G. For a polynomial (7, 
we set K{g) := k{{g)). 

Notation: For a set A C C, we denote by int(y4) the set of all interior points 
of A. 

Proposition 2.18. Let G E Q. If U is a connected component of F[G) 
such that U fl K{G) 7^ 0, then U C m.t{K{G)) and U is simply connected. 
Furthermore, we have K{G) fl F{G) = mt{K{G)). 

Notation: For a polynomial semigroup G with 00 G F{G), we denote by 
Foo{G) the connected component of F{G) containing 00. Moreover, for a 
polynomial g with deg(5') > 2, we set Fao{g) := Fao{{g))- 

The following theorem is the key to obtaining further results of post- 
critically bounded polynomial semigroups and related random dynamics of 
polynomials. 

Theorem 2.19. Let G G Qdis (possibly generated by a non-compact family). 
Then, under the above notation, we have the following. 

1. We have that 00 G F{G) and the connected component Foo{G) of F{G) 
containing 00 is simply connected. Furthermore, the element Jmax = 
<^max(G) G i7 containing dFoo{G) is the unique element of J' satisfying 
that J < Jmax for each .J E J . 

2. There exists a unique element Jmin = Jmin(G) G J such that Jmin < J 
for each element J E J . Furthermore, let D be the unbounded compo- 
nent ofC\ Jmin- Then, P*{G) C i^(G') cC\D and dk{G) C J^in- 

3. If G is generated by a family {/iaIagAj then there exist two elements Ai 
and X2 of A satisfying: 

(a) there exist two elements Ji and J2 of J' with Ji 7^ J2 such that 
J{h\-) C Ji for each i = I, 2; 
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(h) J(/iAjn J^i„ = 0; 

(c) foreachn G N, we have h'^"{J{hx2))nJ{hx^) = and h^^{J{hxJ)n 
J{hx^) = 0; and 

(d) hx^ has an attracting fixed point zi in C, mt{K{hxi)) consists 
of only one immediate attracting basin for zi, and Kijix^) C. 
int{K{hx^)). Furthermore, Zi G mt{K{hx2))- 

4- For each g E G with J{g) fl Jmm = 0; we have that g has an attracting 
fixed point Zg in C, mt{K{g)) consists of only one immediate attracting 
basin for Zg, and Jmin C mt{K{g)). Note that it is not necessarily true 
that Zg = Zf when g, f E G are such that J{g) fl Jmin = and J{f) fl 
■^min = (see Proposition \2.25\) . 

5. We have that mt{K{G)) ^ 0. Moreover, 

(a) C \ Jmin is disconnected, jjJ > 2 for each J E J , and 

(b) for each g E G with J{g) fl Jmin = 0, we have that Jmin < Jmin); 
g'^{J{G))r]J^in = 0, g{K{G)yjJrain) C int(i^(G)), and the unique 
attracting fixed point Zg of g in C belongs to mt{K{G)). 

6. Let A be the set of all doubly connected components of F{G). Then, 
Ua&A^ C C and {A, <) is totally ordered. 

We present a result on uniform perfectness of the Julia sets of semigroups 
in Q. 

Definition 2.20. A compact set i^' in C is said to be uniformly perfect if 
> 2 and there exists a constant G > such that each annulus A that 
separates K satisfies that mod A < G, where mod A denotes the modulus of 
A (See the definition in [17j). 

Theorem 2.21. 

1. Let G be a polynomial semigroup in Q. Then, J{G) is uniformly perfect. 
Moreover, if zq G J{G) is a superattracting fixed point of an element of 
G, then zq G int(J(G')). 

2. If G eQ and oo G J{G), then G G Qcon and oo G int(J(G)). 

3. Suppose that G G Qdis- Let z\ G J{G) fl C &e a superattracting fixed 
point of g E G. Then Z\ G int(Jmin) and J{g) C Jmin- 



14 



We remark that in [15J, it was shown that there exists a rational semigroup 
G such that J{G) is not uniformly perfect. 

We now present results on the Julia sets of subsemigroups of an element 
of Qdis- 

Proposition 2.22. Let G E Qdis and let Ji, J2 E J = Jg with Ji < J2. Let 
Ai he the unbounded component ofC\Ji for each i = 1,2. Then, we have the 
following. 

1. Let Qi = {g e G \ e Jwith Ji < J, J{g) C J} and let Hi be the 
sub semigroup of G generated by Qi. Then J{Hi) C Ji U Ai. 

2. Let Q2 = {g e G \1\J e Jwith J < J2, J{g) C J} and let H2 be the 
suhsemigroup of G generated by Q2- Then J{H2) C C \ A2. 

3. Let Q = {g e G \ 3J e J with Ji < J < J2, Jig) C J} and let H be 
the subsemigroup of G generated by Q. Then J{H) C Ji U {Ai \ A2). 

Proposition 2.23. Let G be a polynomial semigroup generated by a compact 
subset r 0/ Polydeg>2- Suppose that G G Qdis- Then, there exists an element 
hi eV with J{hi) C Jmax dnd there exists an element /12 G F with J(/i2) C 

2.4 Finitely generated polynomial semigroups G G Qdis 
such that 2 < {}( Jg) < ^0 

In this section, we present some results on various finitely generated polyno- 
mial semigroups G G Qdis such that 2 < tKJb) < ^o- The proofs are given in 
Section lOl 

It is well-known that for a rational map g with deg{g) > 2, if J{g) is 
disconnected, then J{g) has uncountably many connected components (See 
|19j). Moreover, if G is a non-elementary Kleinian group with disconnected 
Julia set (limit set), then J{G) has uncountably many connected components. 
However, for general rational semigroups, we have the following examples. 

Theorem 2.24. Let G be a polynomial semigroup in Q generated by a (pos- 
sibly non-compact) family T in Polydeg>2- Suppose that there exist mutu- 
ally distinct elements Ji, . . . , J„ G Sg such that for each h E T and each 
j G {1, . . . , n}, there exists an element k E {I, . . . ,n} with h~^{Jj) fl Jjt 7^ 0. 
Then, we have IKJTg) = n. 

Proposition 2.25. For any n G N with n > 1, there exists a finitely gen- 
erated polynomial semigroup Gn = {hi, ... , h2n) in Q satisfying tKiTcn) = n. 
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In fact, let < e < ^ and we set for each j = 1, . . . ,n, aj{z) := and 
Pj{z) := ~ e)^ + Then, for any sufficiently large I E N, there exists an 
open neighborhood V of {a{, . . . , a^, P[, . . . , P^) in (Poly)^" such that for any 
{hi, . . . , h^n) G V , the semigroup G = {hi, . . . , h2n) satisfies that G E Q and 
KJg) = n. 

Theorem 2.26. Let G = {hi, . . . , hm) € Qdis be a polynomial semigroup with 
m > 3. Suppose that there exists an element Jq E j such that U™r/ J(/ij) C 
Jo, and such that for each j = 1, . . . ,m — 1, we have hf^ {J {hm)) fl Jo 7^ 0- 
Then, we have all of the following. 

1- m) = «o. 

2. Jq Jmin; Jq Jmax- 

3- If Jq — Jmin; then Jmax ~ J{hm), J {G) = Jmax U |Jj^gp^y|g| (/im) (Jmin); 

and for any J E J with J ^ Jmax; there exists no sequence {Cj}j(z^ 
of mutually distinct elements of J such that min^g(7^. d{z, J) ^ as 
j ^ oo. 

4- ^f Jq Jmax; thcn Jmin J {hm) j J i.^) Jmin U |J^gj^y|Q| (/im) (Jmax); 

and for any J E j with J ^ Jmin; there exists no sequence {CjjjgN 
of mutually distinct elements of J such that min^gc'^. d{z, J) ^ as 
J oo. 

Proposition 2.27. There exists an open set V in (Polydog>2)^ such that for 
any {hi,h2,h^) eV,G= {hi,h2,h^) satisfies that G G Qms, ^'j=iJ{hj) C 
Jmin(G); Jmax(G') = J(/i3); hj\j{h3)) H Jmin(G') ^ for cach J = 1,2, and 
KJg) = ^0- 

Proposition 2.28. There exists a 3- generator polynomial semigroup G = 

{hi,h2,hs) in Qdls such that U^=i(/ij)"^( Jmax(G')) C Jmin(G), Jmax(G') = 

J{h3), KJ'g) = ^0; there exists a superattracting fixed point zq of some ele- 
ment of G with zq G J{G), and int( Jmin(G')) ^ 0. 

As mentioned before, these results illustrate new phenomena which can 
hold in the rational semigroups, but cannot hold in the dynamics of a single 
rational map or Kleinian groups. 

For the figure of the Julia set of a 3-generator polynomial semigroup 
G G Qdis with tlJc = ^^0, see figure [H 
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Figure 1: The Juha set of a 3-generator polynomial semigroup G G Qdis with 




2.5 Fiberwise dynamics and Julia sets 

We present some results on the fiberwise dynamics of the skew product re- 
lated to a postcritically bounded polynomial semigroup with disconnected 
Julia set. In particular, using the uniform fiberwise quasiconformal surgery 
on a fiber bundle, we show the existence of a family of quasicircles param- 
eterized by a Cantor set with uniform distortion in the Julia set of such a 
semigroup. The proofs are given in Section 14.51 

Definition 2.29 ([32l|35]). 

1. Let X be a compact metric space, g : X X a, continuous map, 
and / :XxC^XxCa continuous map. We say that / is a 
rational skew product (or fibered rational map on trivial bundle X x C) 
over g: X—>-X,i{'irof = go7r where tt : X x C — X denotes 
the canonical projection, and if for each a; G X, the restriction := 
fl-K-'^iix}) '■ 7r~"'^({x}) — s> 7i^^{{g{x)}) of / is a non-constant rational 
map, under the canonical identification 7r^^({x'}) = C for each x' G X. 
Let d{x) = deg{fx), for each x G X. Let fx^n be the rational map 
defined by: fx,n{y) = 7rc(/"(a;, y)), for each n G N, x G X and y E C, 
where vr^^ : X x C — > C is the projection map. 

Moreover, if f^^i is a polynomial for each x G X, then we say that 
/:XxC-^XxCisa polynomial skew product over g : X ^ X. 

2. Let F be a compact subset of Rat. We set F^ := {7 = (71,72, • • •) I 
Vj, 7j G F} endowed with the product topology. This is a compact 
metric space. Let a : F^ — ^ F^ be the shift map, which is defined by 
cr(7i, 72, . . .) := (72, 73, . . .). Moreover, we define a map / : F^ x C ^ 
F^ X C by: (7,?/) ^ (a(7), 71(1/)), where 7 = (71,72,...). This is 
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called the skew product associated with the family T of rational 
maps. Note that f^,n{y) = In ° ■ ■ ■ ° liiv)- 

Remark 2.30. Let / :XxC— >XxCbea rational skew product over 
g : X X. Then, the function x t— > d{x) is continuous in X. 

Definition 2.31 ([321 [35]). Let / : X x C ^ X x C be a rational skew 
product over g : X ^ X. Then, we use the following notation. 

1. For each x E X and n G N, we set := /'^|7r-i({i'}) : '^^^{{^}) ~^ 
7r-i({c/"(x)}) C X X C. 

2. For each x G X, we denote by Fj.{f) the set of points y E C which 
has a neighborhood f/ in C such that {fx,n '■ U CjneN is normal. 
Moreover, we set := {x} x (c X x C). 

3. For each a; G X, we set Jx{f) := C \ Fj.{f). Moreover, we set J^(/) := 
{x} x Jx{f) (C X X C). These sets J'^(/) and Jx{f) are called the 
fiberwise Julia sets. 

4. We set J(/) := IJ^gx ^^(/)' where the closure is taken in the product 
space X X C. 

5. For each x G X, we set := 7r~^({x}) fl Moreover, we set 

Uf) ■■= M>if))- 

6. We set F{f) := (X x C) \ J(/). 

Remark 2.32. We have J^^if) D J'^if) and Jx{f) D Jx{f)- However, strict 
containment can occur. For example, let hi be a polynomial having a Siegel 
disk with center zi G C Let h2 be a polynomial such that zi is a repelling 
fixed point of Let F = {hi,h2}. Let f : T x C —>■ T x C he the skew 
product associated with the family F. Let x = {hi, hi, hi, . . .) G F^. Then, 
{x,zi) G >(/) \ J-(/) and Zi G Uf) \ Jx{f). 

Definition 2.33. Let / iXxC^XxCbea polynomial skew prod- 
uct over (yf : X — > X. Then for each x G X, we set Kx{f) := {y E 
C I {fx,n{y)}nen is bounded in C}, and Ax{f) := {y E C \ fx,n{y) 
oo, n ^ oo}. Moreover, we set K'^if) := {x} x Kx{f) (c X x C) and 
A%f) :={x}xAxif) (cXxC). 

Definition 2.34. Let G be a polynomial semigroup generated by a subset 
F of Polydeg>2- Suppose G E Qdis- Then we set 

rmin ■■= {h ET \ J{h) E Jmin}, 
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where Jmin denotes the unique minimal element in (JT, <) in Theorem 12 .191 - 
[21 Furthermore, if rmin 7^ 0, let Gmin.r be the subsemigroup of G that is 
generated by Fmin. 

Remark 2.35. Let G be a polynomial semigroup generated by a compact 
subset r of Polydeg>2- Suppose G G Qdis- Then, by Proposition 12.231 we have 
Tmin 7^ and V \ Fmin 7^ 0- Moreover, Fniin is a compact subset of F. For, 
if {/in}neN C Fmin and /i^ ^ /loo in F, then for a repelling periodic point 
zq G J{hoo) of /loo, we have that (i(-2o, J{hn)) — >■ as n — > oo, which implies 
that 2;o G Jmin and thus hoo G Fmin. 

Notation: Let JF := {(/J^ilneN be a sequence of meromorphic functions in a 
domain V! We say that a meromorphic function ip is & limit function of 
if there exists a strictly increasing sequence {njjjgN of positive integers such 
that (fn^ ip locally uniformly on V , as j — oo. 

Definition 2.36. Let G be a rational semigroup. 

1. We say that G is hyperbolic if P{G) C F{G). 

2. We say that G is semi-hyperbolic if there exists a number 5 > and 
a number G N such that for each y G J{G) and each g ^ G, we 
have deg(5f : V B{y,6)) < N for each connected component V of 
g~^{B{y,6)), where B{y,S) denotes the ball of radius S with center y 
with respect to the spherical distance, and deg{g : ■ — ■) denotes the de- 
gree of finite branched covering. (For background of semi-hyperbolicity, 
see [22] and [M].) 

The following Proposition f l2.37t fT]and l2.37l l2i) means that for a polynomial 
semigroup G G Qdis generated by a compact subset F of Polydeg>2, we rarely 
have the situation that 'T \ Fmm is not compact." 

Proposition 2.37. Let G be a polynomial semigroup generated by a compact 
subset F in Poly deg>2- Suppose that G G Qdis and that F\Fmin is not compact. 
Then, all of the following statementsUl [H 0, and[^ hold. 

1. Let h G Fmin- Then, J{h) = J^i^{G),K{h) = K{G), andmt{K{h)) is 
a non-empty connected set. 

2. Either 

(a) for each h G Fmin; h is hyperbolic and J{h) is a quasicircle; or 

(b) for each h G Fmin? i'ai{K{h)) is an immediate parabolic basin of a 
parabolic fixed point of h. 
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3. For each 7 G F^, each limit function of {/^.njneN in each connected 
component of F^{f) is constant. 

4- Suppose that (a) in statement IE holds. Then, Gmm.r is hyperbolic and 
G is semi- hyperbolic. 

Definition 2.38. Let F and S be non-empty subsets of Polydcg>2 with S gT. 
We set 

R{T, S) := {7 = (71, 72, . . .) e F^ I G M | 7n e S}) = 00} . 

Definition 2.39. Let f: XxC^XxChea. rational skew product over 
g:X^X.We set 

C{f) := {{x,y) G X X C I ?/ is a critical point of fx,i}- 

Moreover, we set P{f) := U„eN/"'(C'(/)), where the closure is taken in the 
product space X x C. This P{f) is called the fiber-postcritical set of /. 
We say that / is hyperbolic (along fibers) if P{f) C F{f)- 

We present a result which describes the details of the fiberwise dynamics 
along 7 in R{T, F \ Fmin)- 

Theorem 2.40. Let G be a polynomial semigroup generated by a compact 
subset F o/Polydeg>2- Suppose G G Qdis- Let / : F^ x C ^ F^ x C &e the 
skew product associated with the family F of polynomials. Then, all of the 
following statementsUHiM and\^hold. 

1. Let 7 G -R(F, F \ Fjnin)- Then, each limit function of {f^^n}nm in each 
connected component of F^{f) is constant. 

2. Let S be a non-empty compact subset of T \ Fmm- Then, for each 7 G 
i?(F, S), we have the following. 

(a) There exists exactly one bounded component of F^{f). Further- 
more, dU^ = dA^{f) = J-yif). 

(b) For each y eU^, there exists a number n G N such that f-y^niv) G 
int(i^(G)). 

(c) J-yif) = J-yif)- Moreover, the map uj ^ JuiW) defined on F^ is 
continuous at 7, with respect to the H aus dor ff topology in the space 
of non-empty compact subsets of C. 

(d) The 2-dimensional Lebesgue measure of J^{f ) = J-y{f) is equal to 
zero. 
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3. Let S he a non-empty compact subset ofV\ Fmin- For each p G N, we 
denote by Ws^p the set of elements 7 = (71, 72, . . .) G such that for 
each I E N, at least one 0/7/+1, . . . , 7;+p belongs to S. Let f := /Ivi/g^xc • 
W^s.pXC — > 14^5pXC. Then, f is a hyperbolic skew product over the shift 
map a : Ws^p ^s,p! ^.''^d there exists a constant Ks^p > 1 such that 
for each 7 G Ws,p-, J-yif) = J-yif) = J-yif) is a Ks,p-quasicircle. Here, 
a Jordan curve ^ in C is said to be a K-quasicircle, if ^ is the image of 
S^{(Z C) under a K -quasiconformal homeomorphism : C — »• C. (For 
the definition of a quasicircle and a quasiconformal homeomorphism, 
see Jl^.) 

We now present some results on semi-hyperbolic polynomial semigroups 
in Qdis- 

Theorem 2.41. Let G be a polynomial semigroup generated by a non-empty 
compact subset T of Polydeg>2- Suppose that G G Qdis- If Gmm,r is semi- 
hyperbolic, then G is semi-hyperbolic. 

Theorem 2.42. Let G be a polynomial semigroup generated by a non-empty 
compact subset T o/Polydeg>2- Suppose that G G Qdis- If Guim,r is hyperbolic 
and {Uher\rn^inCV* (h)) fl Jmm{G) = 0, then G is hyperbolic. 

Remark 2.43. In ^29j, it will be shown that in Theorem 12.42^ the condition 
(Uher\r„,i„Cl^*(/i)) n Jmin(G) = is necessary. 

Theorem 2.44. Let G be a polynomial semigroup generated by a compact 
subset r o/Polydeg>2- Let / : x C — > x C be the skew product associated 
with the family F. Suppose that G G Qdis (^nd that G is semi-hyperbolic. Let 
7 G -R(F, F \ Fmin) be any element. Then, J^{f) = J-yif) and J-yif) is a 
Jordan curve. Moreover, for each point yQ G int(i^^(/)), there exists an 
n eN such that /^,„(?/o) G int(i^(G')). 

We next present a result that there exist families of uncountably many 
mutually disjoint quasicircles with uniform distortion, densely inside the Julia 
set of a semigroup in Qdis- 

Theorem 2.45. (Existence of a Cantor family of quasicircles.) Let 

G G Qdis (possibly generated by a non- compact family) and let V be an open 
subset of C with V fl J{G) 7^ 0. Then, there exist elements gi and g2 in G 
such that all of the following hold. 

1. JJ = {gi,g2) satisfies that J{H) c J{G). 
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2. There exists a non-empty open set U inC such that ^{U) U ^{U) C 
U, and such that g^\U) n g2\U) = 0. 

3. H = ((y'1,5'2) is a hyperbolic polynomial semigroup. 

4- Let / : X C ^ X C be the skew product associated with the family 
r = {gi,g2} of polynomials. Then, we have the following. 

(a) J{H) = IJ7Grr' J-yif) (disjoint union). 

(b) For each connected component J of J{H), there exists an element 
7 G such that J = J^{f). 

(c) There exists a constant K > 1 independent of J such that each 
connected component J of J{H) is a K-quasicircle. 

(d) The map 7 1-^ J-yif), defined for all'-f G F^, is continuous with re- 
spect to the Hausdorff topology in the space of non-empty compact 
subsets of C, and injective. 

(e) For each element 7 G T^, J^{f) n V ^ 0. 

(f) Let a; G 6e an element such that G N | cjj = (71}) = 00 and 
such that tj({j G N I = 5^2}) = c>o. Then, J^jW) does not meet 
the boundary of any connected component of F{G). 

2.6 Fiberwise Julia sets that are Jordan curves but not 
quasicircles 

We present a result on a sufficient condition for a fiberwise Julia set Jx(/) to 
be a Jordan curve but not a quasicircle. The proofs are given in Section ITUl 

Definition 2.46. Let ^ be a subdomain of C such that dV C C. We say 
that \^ is a John domain if there exists a constant c > and a point zq &V 
[zq = 00 when 00 E V) satisfying the following: for all Zi E V there exists an 
arc C, C V connecting Zi to Zq such that for any 2; G we have min{|z — a| | 
a G dV} > c\z — Zx\. 

Remark 2.47. Let \^ be a simply connected domain in C such that dV C C. 
It is well-known that if \^ is a John domain, then dV is locally connected 
( [2TI page 26]). Moreover, a Jordan curve ^ C C is a quasicircle if and only 
if both components of C \ ^ are John domains ([5T], Theorem 9.3]). 

Theorem 2.48. Let G be a polynomial semigroup generated by a compact 
subset r of Polydeg>2- Suppose that G G Gdis- Let f : x C ^ x C be 
the skew product associated with the family T of polynomials. Let m G N 
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and suppose that there exists an element {hi, h2, . . . , hm) € r"* such that 

J{hm o ■ ■ ■ o hi) is not a quasicircle. Let a = {ai, a^, . . .) ^ he the element 

such that for each k,l G N U {0} with 1 < I < m, atm+i = hi. Then, the 
following statementsUl andlE hold. 

1. Suppose that G is hyperbolic. Let 7 G -R(r, F \ Fmin) he an element 
such that there exists a sequence {nk}km of positive integers satisfying 
that (j"'=(7) a as k ^ 00. Then, Jf{f) is a Jordan curve hut not a 
quasicircle. Moreover, the unhounded component A^{f) of F^{f) is a 
John domain, hut the unique hounded component of F^{f) is not a 
John domain. 

2. Suppose that G is semi-hyperholic. Let & T \ T^^^ he any element 
and let [3 := (po, «i, «2, • • •) ^ T^. Let 7 G -R(r, V \ Fmin) he an element 
such that there exists a sequence {n^jytg^ of positive integers satisfying 
that cr"'=(7) ^ (3 as k 00. Then, J-y{f) is a Jordan curve hut not a 
quasicircle. Moreover, the unhounded component A^[f) of F^{f) is a 
John domain, hut the unique hounded component of F.y{f) is not a 
John domain. 

Example 2.49. Let gi{z) := - \ and g2[z) := ^. Let F := {g\,gW. 
Moreover, let G be the polynomial semigroup generated by F. Let D := {z G 
C I |z| < 0.4}. Then, it is easy to see gl{D) U gl{ D) C B. Hence, F) C f\g). 
Moreover, by Remark [L3| we have that P*{G) = Ug^Gu{id}g{{0, —1}) C D C 
F{G). Hence, G E Q and G is hyperbolic. Furthermore, let K := {z E C \ 
0.4 < \z\ < 4}. Then, it is easy to see that {gj)-^{K) U {g^y\K) C K and 
{gl)'\K)r\{g^)-'^{K) = 0. Combining it with Lemma OE] and LemmaO- 
[21 we obtain that J{G) is disconnected. Therefore, G G Qdis- Moreover, it is 
easy to see that Fmin = {gf}. Since J{gf) is not a Jordan curve, we can apply 
Theorem 12.481 Setting a := {gi,gi,gi, . . .) G F^, it follows that for any 

7 G J := {cu G i?(F, F \ F^i„) | 3^) with a"^^) "} , 

J-yif) is a Jordan curve but not a quasicircle, and A.y{f) is a John domain 
but the bounded component of F^{f) is not a John domain. (See figure [2j 
the Julia set of G. In this example, J'g = {J-yif) \ 7 G F^} and if 7 7^ 
u, J^{f) n J^{f) = 0.) Note that by Theorem [llMSl if 7 ^ 2:, then either 
J-y{f) is not a Jordan curve or J-y^f) is a quasicircle. 
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Figure 2: The Julia set of G = {gf, g"^). 




2.7 Random dynamics of polynomials and classifica- 
tion of compactly generated, (semi-)hyperbolic, poly- 
nomial semigroups G in Q 

In this section, we present some results on the random dynamics of poly- 
nomials. Moreover, we present some results on classification of compactly 
generated, (semi-) hyperbolic, polynomial semigroups G in Q. The proofs are 
given in Section ITTl 

Let r be a Borel probability measure on Polydeg>2- We consider the i.i.d. 
random dynamics on C such that at every step we choose a polynomial map 
/i : C — > C according to the distribution r. (Hence, this is a kind of Markov 
process on C. ) 

Notation: For a Borel probability measure r on Polydeg>2, we denote by 
Tr the support of r on Polydeg>2- (Hence, F,- is a closed set in Polydeg>2-) 
Moreover, we denote by f the infinite product measure ®°^ir. This is a Borel 
probability measure on T'^. Furthermore, we denote by Gr the polynomial 
semigroup generated by F^. 

Definition 2.50. Let X be a complete metric space. A subset A of X is 
said to be residual if X \ A is a countable union of nowhere dense subsets of 
X. Note that by Baire Category Theorem, a residual set A is dense in X. 



Corollary 2.51. (Corollary of Theorem 2.40^ Let T he a non-empty com- 
pact subset of Polydcg>2- Let / : F^ x C — > F^ x C 5e the skew product 
associated with the family F of polynomials. Let G he the polynomial semi- 
group generated by F. Suppose G G Qdis- Then, there exists a residual subset 
U of F^ such that for each Borel probability measure r on Polydeg>2 with 
Tr = F, we have f(tl) = 1, and such that each 7 G W satisfies all of the 
following. 
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1. There exists exactly one bounded component of F^{f). Furthermore, 
dU, = dA,{f) = J^if). 

2. Each limit function of {/7,n}n in is constant. Moreover, for each 
y G U-y, there exists a number n G N such that f\,n{y) ^ int{K{G)). 

3. J-y{f) = J-yif)- Moreover, the map oj ^ Juj{f) defined on is con- 
tinuous at 7, with respect to the Hausdorff topology in the space of 
non-empty compact subsets of C. 

4- The 2-dimensional Lebesgue measure of J^{f) = J^(/) is equal to zero. 

Next we present a result on compactly generated, semi-hyperbolic, poly- 
nomial semigroups in Q. 

Theorem 2.52. Let T be a non-empty compact subset of Polydeg>2- Let 
/ : X C ^ X C 5e the skew product associated with the family T 
of polynomials. Let G be the polynomial semigroup generated by T. Suppose 
that G & Q and that G is semi-hyperbolic. Then, exactly one of the following 
three statements UilM andlM holds. 

1. G is hyperbolic. Moreover, there exists a constant K >1 such that for 
each 7 G F^, J-yif) is a K-quasicircle. 

2. There exists a residual subset U of such that for each Borel prob- 
ability measure r on Polydeg>2 with Vr = T, we have f(U) = 1, and 
such that for each 7 G J'yif) is a Jordan curve but not a quasicircle, 
A^{f) is a John domain, and the bounded component of F^{f) is not a 
John domain. Moreover, there exists a dense subset V of F^ such that 
for each 7 G V, J-yif) is not a Jordan curve. Furthermore, there exist 
two elements G F^ such that Jp{f) < Ja{f)- 

3. There exists a dense subset V o/F^ such that for each 7 G V, J^yif) is 
not a Jordan curve. Moreover, for each a,P E , Ja{f) H Jf^{f) 7^ 0. 
Furthermore, J{G) is arcwise connected. 

Corollary 2.53. Let T be a non-empty compact subset of Polydeg>2- Let 
/ : F^ X C ^ F^ X C 6e the skew product associated with the family F of 
polynomials. Let G be the polynomial semigroup generated by F. Suppose 
that G G Qdis (J'lT'd that G is semi-hyperbolic. Then, either statement [7] or 
statementlE in Theorem \2.52\ holds. In particular, for any Borel Probability 
measure r on Polydcg>2 with Tr = F, for almost every 7 G F^ with respect to 
f, J-yif) is a Jordan curve. 
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We now classify compactly generated, hyperbolic, polynomial semigroups 
in Q. 

Theorem 2.54. Let T be a non-empty compact subset o/Polydog>2- Let f : 
X C — s> X C 6e the skew product associated with the family T. Let G be 
the polynomial semigroup generated by T. Suppose that G E Q and that G is 
hyperbolic. Then, exactly one of the following three statements [21 [3 holds. 

1. There exists a constant K > 1 such that for each 7 G F^, J-yW) ^■^ ^ 
K-quasicircle. 

2. There exists a residual subset U of such that for each Borel prob- 
ability measure t on Polydeg>2 with F^ = F, we have f{U) = 1, and 
such that for each 7 G J'y{f) is a Jordan curve but not a quasicircle, 
A^{f) is a John domain, and the bounded component of Fy{f) is not 
a John domain. Moreover, there exists a dense subset V of F^ such 
that for each 7 e V, J-yif) is a quasicircle. Furthermore, there exists 
a dense subset W of F^ such that for each 7 e W, there are infinitely 
many bounded connected components of F^{f). 

3. For each 7 G F^, there are infinitely many bounded connected com- 
ponents of F^{f). Moreover, for each a,/? G T^, Jaif) H <^/3(/) 7^ 0- 
Furthermore, J{G) is arcwise connected. 

Example 2.55. Let hi{z) := — 1 and h2{z) := az^, where a G C with 
< |a| < 0.1. Let F := {hi, /ig}. Moreover, let G := {hi, /ig). Let U := {\z\ < 
0.2}. Then, it is easy to see that h2{U) C t/, h2{hi{U)) C f/, and hl{U) C U. 
Hence, U C F{G). It follows that P*{G) C int(i^(G')) C F(G). Therefore, 
G E Q and G is hyperbolic. Since J{hi) is not a Jordan curve and J(/i2) is a 
Jordan curve. Theorem 12.541 implies that there exists a residual subset U of 
F^ such that for each Borel probability measure r on Polydeg>2 with F,- = F, 
we have riJA) = 1, and such that for each 7 G W, J-y{f) is a Jordan curve 
but not a quasicircle. Moreover, for each 7 G U, A^{f) is a John domain, 
but the bounded component of F^{f) is not a John domain. Furthermore, 
by Theorem 12.151 J{G) is connected. 

Remark 2.56. Let h G Polydeg>2 be a polynomial. Suppose that J{h) is a 
Jordan curve but not a quasicircle. Then, it is easy to see that there exists 
a parabolic fixed point of in C and the bounded connected component of 
F{h) is the immediate parabolic basin. Hence, (h) is not semi-hyperbolic. 
Moreover, by [7], F^oih) is not a John domain. 

Thus what we see in statement [2] in Theorem 12.521 and statement [2] in 
Theorem 12.541 as illustrated in Example 12.491 and Example 12.551 is a special 
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and new phenomenon which can hold in the random dynamics of a family 
of polynomials, but cannot hold in the usual iteration dynamics of a single 
polynomial. Namely, it can hold that for almost every 7 G F^, J-yi^f) is 
a Jordan curve and fails to be a quasicircle all while the basin of infinity 
A^/{f) is still a John domain. Whereas, if J{h), for some polynomial h, is a 
Jordan curve which fails to be a quasicircle, then the basin of infinity -Foo(^) 
is necessarily not a John domain. 

Pilgrim and Tan Lei ([22]) showed that there exists a hyperbolic ratio- 
nal map h with disconnected Julia set such that "almost every" connected 
component of J (/i) is a Jordan curve but not a quasicircle. 

We give a sufficient condition so that statement [T] in Theorem 12 .541 holds. 

Proposition 2.57. Let T be a non-empty compact subset 0/ Polydeg>2- Let 
/ : X C ^ X C be the skew product associated with the family T. Let G 
be the polynomial semigroup generated by T. Suppose that P*{G) is included 
in a connected component ofmt{K{G)). Then, there exists a constant K > 1 
such that for each 7 G F^, J-yif) is a K -quasicircle. 

2.8 Construction of examples 

We present a way to construct examples of semigroups G in Q^is- 

Proposition 2.58. Let G be a polynomial semigroup generated by a compact 
subset F of Polydcg>2- Suppose that G E Q and mt{K{G)) 7^ 0. Let b G 
mt{K{G)). Moreover, let d eN be any positive integer such that d > 2, and 
such that {d,deg{h)) 7^ (2,2) for each /i G F. Then, there exists a number 
c > such that for each a G C with < \a\ < c, there exists a compact 
neighborhood V of ga{z) = a{z — hY + h in Polydeg>2 satisfying that for 
any non-empty subset V ofV, the polynomial semigroup Hry generated by 
the family F U V^' belongs to Qdis, K^Hx^y') = K{G) and (F U V')jain C F. 
Moreover, in addition to the assumption above, if G is semi-hyperbolic (resp. 
hyperbolic), then the above Hry is semi-hyperbolic (resp. hyperbolic). 

Remark 2.59. By Proposition 12.581 there exists a 2-generator polynomial 
semigroup G = {hi, /12) in Gdis such that hi has a Siegel disk. 

Definition 2.60. Let G M with d>2.We set yd := {h G Poly | deg{h) = 
d} endowed with the relative topology from Poly. 

Theorem 2.61. Let m > 2 and let d2, ■ ■ ■ ,djn E ^ be such that dj > 2 for 
each j = 2, . . . ,m. Let hi G yd^ with mt{K{hi)) ^ ^ be such that {hi) G Q. 
Let 62, bs, . . . ,bm E mt{K{hi)). Then, all of the following statements hold. 
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1. Suppose that (hi) is semi-hyperbolic (resp. hyperbolic). Then, there 
exists a number c > such that for each (02, 03, ... , am) G C™~"^ with 
< \aj\ < c (j = 2, . . . ,m), setting hj{z) = aj{z — hjY^ + hj (j = 
2,...,m), the polynomial semigroup G = {hi,...,hm) satisfies that 
G E Q, K{G) = K{hi) and G is semi- hyperbolic (resp. hyperbolic) . 

2. Suppose that (hi) is semi- hyperbolic (resp. hyperbolic). Suppose also 
that either (i) there exists a j > 2 with dj > 3, or (ii) deg(/ii) = 3, 
62 = ■ ■ ■ = bm- Then, there exist 02, 03, . . . , > such that setting 
hj{z) = aj{z — bjY^ + bj (j = 2,...,m), the polynomial semigroup 
G = {hi, /i2, . . . , hm) satisfies that G G Qdis, K{G) = K{hi) and G is 
semi-hyperbolic (resp. hyperbolic). 

Definition 2.62. Let m e N. We set 





:={(/.!,. 


• • ) hffi^ 


I e (Polydeg>2)'" 


1 (/^i,... 


,hm) is hyperbolic}, 
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e (Polydeg>2)™ 1 
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• 


:={(/^i,.. 


• 5 ^m) 


e (Polydeg>2)" 


1 J{{hi,. 


. . , km)) is disconnected} 



Moreover, let tti : (Polydog>2)™' ~^ Polydeg>2 be the projection defined by 
Tr{hi, . . . , km) = hi. 



Theorem 2.63. Under the above notation, all of the following statements 
hold. 

1. Hm, Hm n Bm, Hm H Vm, and Hm f^BmC^Vm are open in (Polydgg>2)"'. 

2. Let (ii, . . . , dm G N be such that dj > 2 for each j = 1, . . . ,m. 

Then, tti : Hm n H (3^^^ x ■ ■ ■ x ya^) ^HinBiH 3^^, is surjective. 

3. Let di, . . . , (im, G N be such that dj > 2 for each j = 1, . . . ,m and such 
that {di, ...,dm) ^ (2, 2, . . . , 2). Then, m : Hm n Bm n Vm n {yd, x 
• ■ ■ X yd^) ^Hif] Bif] yd, is surjective. 

Remark 2.64. Combining Proposition l2.58l Theorem 12. 6 11 and Theorem l2.63[ 
we can construct many examples of semigroups G in ^ (or Qdis) with some 
additional properties (semi-hyperbolicity, hyperbolicity, etc.). 

3 Tools 

To show the main results, we need some tools in this section. 
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3.1 Fundamental properties of rational semigroups 

Notation: For a rational semigroup G, we set E{G) := {2; G C | tKU^gcfi' ""^({-z})) < 
00}. Tiiis is called the exceptional set of G. 

Lemma 3.1 ([IH [131 [32])- Let G he a rational semigroup. 

1. For each h e G, we have h{F{G)) C F{G) and h-\J{G)) C J{G). 
Note that we do not have that the equality holds in general. 

2. IfG= {hi, . . . , km), then J{G) = hi\j{G)) U ■ ■ ■ U /i^i(J(G)). More 
generally, if G is generated by a compact subset T o/Rat, then J{G) = 
^herh^^{J{G)). (We call this property of the Julia set of a compactly 
generated rational semigroup "backward self- similarity. " ) 

3. Ifi{J{G)) > 3 , then J{G) is a perfect set. 
I IfKJ{G))>3 ,then^{E{G))<2. 

5. If a point z is not in E{G), then J{G) C Ug(zGg~^{{z}). In particular 
if a point z belongs to J{G) \ E{G), then Ug(zGg~^{{z}) = J{G). 

6. If'^{J{G)) > 3 , then J{G) is the smallest closed backward invariant set 
containing at least three points. Here we say that a set A is backward 
invariant under G if for each g & G, g'^{A) C A. 

Theorem 3.2 ([H [131 [32]). Let G be a rational semigroup. If^{J{G)) > 3, 
then J{G) = {z EC\3g E G, g{z) = z, \g'{z)\ > 1}. In particular, J{G) = 

Remark 3.3. If a rational semigroup G contains an element g with deg(5') > 
2, then ^Jig)) > 3, which implies that ^JiG)) > 3. 

3.2 Fundamental properties of fibered rational maps 

Lemma 3.4. Let f:XxC^XxCbea rational skew product over 
g : X X. Then, we have the following. 

1. ([321 Lemma 2.4])^ For each xeX, J,(..)(/)) = Uf). Fur- 

thermore, we have Jx{f) 3 Jx{f)- Note that equality Jx{f) = Jxif) 
does not hold in general. 

If g : X ^ X is a surjective and open map, then f~^{J{f)) = J{f) = 
f{J{f)), and for each xEX, {fx,i)~\Jg{x){f)) = -W)- 
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2. ^HSl If d{x) > 2 for each x e X, then for each x E X, J^{f) 
is a non-empty perfect set with ^{Jx{f)) > 3. Furthermore, the map 
X Jx{f) is lower semicontinuous; i.e., for any point {x,y) E X x C 
with y G Jx{f) and any sequence in X with x" x, there 
exists a sequence {y"'}neN in C with G Jx"{f) for each n G N such 
that ?/" — i> y. However, x ^— Jxif) is NOT continuous with respect to 
the Hausdorff topology in general. 

3. If d{x) > 2 for each x E X, then mfx<^xdiamsJx{f) > 0, where diams 
denotes the diameter with respect to the spherical distance. 

4- If f : X X C X X <C is a polynomial skew product and d{x) > 2 
for each x E X , then we have that there exists a ball B around oo 
such that for each x E X , B C Ax{f) C Fx{f), and that for each 
X EX, Jxif) = dKxif) = dAxif). Moreover, for each x E X, Ax{f) 
is connected. 

5. If f : X X C ^ X X C is a polynomial skew product and d{x) > 2 
for each x E X, and if uj E X is a point such that int(fr^(/)) is a 
non-empty set, then int(i^'^(/)) = K^^^f) and d{mt{K^{f))) = J^if)- 

Proof. For the proof of statement [Tj see [321 Lemma 2.4]. For the proof of 
statement El see [16] and [32] . 

By statement [21 it is easy to see that statement [S] holds. Moreover, it is 
easy to see that statement HI holds. 

To show statement let ?/ G J<^(/) be a point. Let V be an arbi- 
trary neighborhood of y in C. Then, by the self-similarity of Julia sets (see 
[5]), there exists an n G N such that fuj,niV fl J^if)) = Jg^{uj){.f)- Since 
d{ini{Kgnf^^){f))) c J<;"h(/) and = ^M)^ it follows 

that 1/n9(int(ir^(/))) ^ 0. Hence, we obtain ^(/) = 9(int(K^(/)). There- 
fore, we have proved statement □ 

Lemma 3.5. Let / : F^ x C — ^ F^ x C 5e a skew product associated with 
a compact subset F o/Rat. Let G be the rational semigroup generated by F. 
Suppose that ^{J{G)) > 3. Then, we have the following. 

1. vre(J(/)) = J{G). 

2. For each 7 = (71,72, • • • ,) e F^, .J,{f) = n^^.j^' ■ ■ ■ij\J{G)). 

Proof. First, we show statement [H Since J-^^f) C J{G) for each 7 G F, we 
have T!'(^{J{f)) C J{G). By Theorem 13.21 we have J{G) = l-igecJig)- Since 
Ug(zcJ{g) C 7rj=,(J(/)), we obtain J{G) C vrj^(^(/))- Therefore, we obtain 
7re(J(/)) = AG). 
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We now show statement [21 Let 7 = (71, 72, . . .) G F^. By statement [T] in 
Lemma Em we see that for each j G N, -yj ■ ■ ■7i(^7(/)) = </o-j(7)(/) C J{G). 
Hence, J-y{f) C D^^'ji^ ■ ■ ■ 'jJ^{J{G)). Suppose that there exists a point 
(7,?/) G X C such that y G (n°li7r^ • • ■ 77^( /(G))) \ J^{f). Then, we 
have (7, y) G (F^ x C) \ J{f). Hence, there exists a neighborhood t/ of 7 in 
F^ and a neighborhood V of ?/ in C such that ?7 x y c F{f). Then, there 
exists an n G N such that a^{U) = T'^. Combining it with Lemma 13 .41 111 
we obtain F{f) D /"(?7 x V) D F^ x {f-y^niv)}- Moreover, since we have 
f-y,n{y) £ JiG) = n^{J{f)), where the last equahty holds by statement (H 
we get that there exists an element 7' G F^ such that (7', G J{f)- 
However, it contradicts {'j' , f-y^niv)) G F^ x {f-y^niv)} C F{f). Hence, we 
obtain J^if) = n-i7r^ ■ ■ ■77'(J(G)). ' □ 

Lemma 3.6. Let f: XxC^XxCbea polynomial skew product over 
g : X —>■ X such that for each x E X , d{x) > 2. Then, the following are 
equivalent. 

1. 7T^{P{f)) \ {00} is bounded in C. 

2. For each x G X, Jx{f) is connected. 

3. For each x E X, Jx{f) is connected. 

Proof. First, we show [11^^21 Suppose that [H holds. Let i? > be a number 
such that for each x e X , B := {y e C \ \y\ > R} C. A^if) and fx,i{B) C B. 
Then, for each x G X, we have Ax{f) = UneN(/x,n)"^(5) and {fx,n)~^{B) C 
ifx,n+i)~^{B), for each n G N. Furthermore, since we assumed! we see that 
for each n G N, {fx,n)~^{B) is a simply connected domain, by the Riemann- 
Hurwitz formula. Hence, for each x G X, Ax{f) is a simply connected 
domain. Since dAx{f) = Jx{f) for each x G X, we conclude that for each 
X G X, Jx{f) is connected. Hence, we have shown [H^ [21 

Next, we show [21 =^ [3l Suppose that [21 holds. Let zi G Jx{f) and Z2 G 
•Jxif) be two points. Let {x"}„gN be a sequence such that x" — > x as n 00, 
and such that d{zi,Jx"{f)) ^ as n ^ 00. We may assume that there 
exists a non-empty compact set i^' in C such that Jx^if) ^ K a.s n 00, 
with respect to the Hausdorff topology in the space of non-empty compact 
sets in C. Since we assume [21 -ft' is connected. By Lemma I3.41 l2l we have 
d{z2, Jx^if)) — * as n — s> 00. Hence, Zi & K for each i = 1,2. Therefore, 
Zi and Z2 belong to the same connected component of Jx{f)- Thus, we have 
shown [21 ^ [3 

Next, we show [3l ^ [H Suppose that [3l holds. It is easy to see that 
Axif) f^Jxif) = for each x G X. Hence, Ax{f) is a connected component of 
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C\ Jxif)- Since we assume El we have that for each x G X, A^lf) is a simply 
connected domain. Since {fx,i)~^{Ag{x){f)) = ^xif), the Riemann-Hurwitz 
formula implies that for each x G X, there exists no critical point of fx,i in 
Ax{f) n C. Therefore, we obtain [H Thus, we have shown [3] ^[H □ 

Corollary 3.7. Let G = {hi,h2) G Q. Then, h^^[J{h2)) is connected. 

Proof. Let / : x C ^ x C be the skew product associated with 
the family F = {hi,h2}. Let 7 = (/ii, /;,2, /i2, ^2, ^2, • • •) G F^. Then, by 
Lemma [3 .41 111 we have J-y^f) = hi^{J{h2)). From Lemma [3. 6 j it follows that 
h^^{J{h2)) is connected. □ 

Lemma 3.8. Let G be a polynomial semigroup generated by a compact subset 
F o/Polydeg>2- Let / : F^ x C ^ F^ x C 6e the skew product associated with 
the family F. Suppose that G E Q. Then for each 7 = (71, 72, . . . , ) G F^, the 
sets J-y{f), J-yif), and n°^]^7f"'^ ■ ■ ■ 'y~^{J{G)) are connected. 

Proof. From Lemma 13.51 12] and Lemma 13.61 the lemma follows. □ 

Lemma 3.9. Under the same assumption as that in Lemma UT^ let 7, p G F^ 

be two elements with J-yi^f) fl Jp{f) = 0. Then, either J^{f) < Jp{f) or 

■Mf) < -Mf)- 

Proof. Let 7,p G F^ with J-y{f) fl Jp{f) = 0. Suppose that the statement 
"either J-y{f) < Jp{f) or Jp{f) < J-y{f)" is not true. Then, Lemma 13.61 
implies that J-yi^f) is included in the unbounded component of C \ Jp{f), 
and that Jp{f) is included in the unbounded component of C \ J-yif). From 
Lemma [33IIII it follows that Kp{f) is included in the unbounded component 
^"/(.f) \ {^} of C \ J-y{f). However, it causes a contradiction, since 7^ 
P*{G)cKiG)cK,if)nK,{f). □ 

Definition 3.10. Let / : F^ x C ^ F^ x C be a polynomial skew product 
over g : X ^ X. Let p E C and e > 0. We set 

•^/.p.f '■ D{Py e) — > C I a is a well-defined inverse branch of {fx,n)~^, x G 

X, n G N}. 

Lemma 3.11. Let f : T^^ x C —>■ x C be a polynomial skew product over 
g : X ^ X such that for each x E X , d{x) > 2. Let R > 0,e > 0, and 

:= {ao(3 : D{0, 1) ^ C | /3 : D{0, 1) = D{p, e), a : D{p, e) C, a E 
^f,p,€, P G D{0, R)}. Then, T is normal on D{0, 1). 

Proof. Since d{x) > 2 for each x E X, there exists a ball B around 00 
with B C C \ D{0,R + e) such that for each x E X, C B. Let 

p E D{0,R). Then, for each a E ^f,p,e, e)) C C \ B. Hence, JF is 

normal in D{0, 1). □ 
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3.3 A lemma from general topology 

Lemma 3.12 (ISO])- Let X be a compact metric space and let f : X ^ X 

be a continuous open map. Let A be a compact connected subset of X. Then 
for each connected component B of f^^{A), we have f{B) = A. 

4 Proofs of the main results 

In this section, we demonstrate the main results. 

4.1 Proofs of results in 12JJ 

Proof of Theorem I2.lt First, we show the following: 
Claim: For any A G A, h^^^A) C A. 

To show the claim, let A G A with J{hx) ^ and let 5 be a connected 
component of h'^{^A). Then by Lemma 13.12^ h\{B>) = A. Combining this 
with h^\J{hx)) = J{hx), we obtain B n J{hx) i- 0. Hence B <^ A. This 
means that h^{A) C A for each A G A with J{h\) ^ 0. Next, let A G A with 
J(h\) = 0. Then h\ is either identity or an elliptic Mobius transformation. 
By hypothesis and Lemma l3.1t fn we obtain h^^(A) C A. Hence, we have 
shown the claim. 

Combining the above claim with jjA > 3, by Lemma I3.H IU] we obtain 
J{G) C A. Hence J{G) = A and J{G) is connected. □ 

Notation: We denote by d the spherical distance on C. Given A G C and 
2; G C, we set d{z,A) := mi{d{z,w) \ w G A}. Given A G C and e > 0, we 
set B{A,e) := {a G C | d{a,A) < e}. Furthermore, given A C C, z G C, 
and e > 0, we set de{z, A) := inf{|2; — w\ \ w E A} and D{A, e) := {a G C | 
de{a, A) < e}. 

We need the following lemmas to prove the main results. 

Lemma 4.1. Let G eQ and let J be a connected component of J{G), zq E J 
a point, and {gn}n& 0, sequence in G such that d{zo, J{gn)) ^ as n ^ 00. 
Then sup d{z, J) ^ as n ^ 00. 

z&J{gn) 

Proof. Suppose there exists a connected component J' of J{G) with J' ^ J 
and a subsequence {gnj}jm of {gn}nm such that min d{z,J') — > as 

j — > 00. Since J{gnj) is compact and connected for each j, we may assume, 
passing to a subsequence, that there exists a non-empty compact connected 
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subset K ofC such that J{gn ) ^ K as j —>■ oo, with respect to the Hausdorff 
topology. Then K n J ^ ^ and K n J' ^ ^. Since K C J{G) and K is 
connected, it contradicts J' ^ J. □ 

Lemma 4.2. Let G E Q. Then given J E J and e > 0, there exists an 
element g E G such that J{g) C B{J, e). 

Proof. We take a point z E J. Then, by Theorem 13.2^ there exists a sequence 
{fi'njnGN G such that d{z,J{gn)) — as n — >• cxD. By Lemma SH], we 
conclude that there exists an n G N such that J{gn) C B{J, e). □ 

Lemma 4.3. Let G be a polynomial semigroup. Suppose that J{G) is discon- 
nected, and oo G J{G). Then, the connected component A of J{G) containing 

00 is equal to {oo}. 

Proof. By Lemma 13.12^ we obtain g~^{A) C A for each g E G. Hence, if 
jjA > 3, then J{G) C A, by Lemma [3711 161 Then J{G) = A and it causes a 
contradiction, since J{G) is disconnected. □ 

We now demonstrate Theorem 12. 7[ 
Proof of Theorem 12. 7t First, we show statement [TJ Suppose the statement 
is false. Then, there exist elements Ji, J2 G such that J2 is included in 
the unbounded component of C \ Ji, and such that Ji is included in 
the unbounded component of C \ J2. Then we can find an e > such 
that B{J2,e) is included in the unbounded component of C \ B{Ji,e), and 
such that B{Ji,e) is included in the unbounded component of C \ B{J2,e). 
By Lemma [4.21 for each i = 1,2, there exists an element gi E G such that 
J{gi) C B{Ji,e). This implies that J{gi) C A'2 and J{g2) C A[, where A[ 
denotes the unbounded component of C\J{gi). Hence we obtain K{g2) C A'^. 
Let v be a critical value of g2 in C. Since P*{G) is bounded in C, we have 
V G K{g2). It implies v G A[. Hence g[{v) —>■ 00 as I ^ 00. However, this 
implies a contradiction since P*{G) is bounded in C. Hence we have shown 
statement [H 

Next, we show statement [2 Let Fi be a connected component of F{G). 
Suppose that there exist three connected components Ji, J2 and J3 of J{G) 
such that they are mutually disjoint and such that dFi fl Jj 7^ for each 

1 = 1,2,3. Then, by statement [H we may assume that we have either (1): 
Ji E J for each z = 1,2,3 and Ji < J2 < J3, or (2): Ji, J2 E J , J\ < J2, 
and 00 G J3. Each of these cases implies that J\ is included in a bounded 
component of C\ J2 and J3 is included in the unbounded component of C\ J2. 
However, it causes a contradiction, since dF^ fl Jj 7^ for each i = 1, 2, 3. 
Hence, we have shown that we have either 
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Case I: tl{ ^ : component of J{G) | 9Fi n J 7^ 0} = 1 or 
Case II: tl{ J : component of J{G) \ dF^ D J ^ (/)} = 2. 

Suppose that we have Case I. Let Ji be the connected component of J{G) 
such that dFi C Ji. Let Di be the connected component of C\ Ji containing 
Fi. Since dFi C Ji, we have dFi n Di = 0. Hence, we have Fi = Di. 
Therefore, Fi is simply connected. 

Suppose that we have Case II. Let Ji and J2 be the two connected compo- 
nents of J{G) such that Ji 7^ J2 and dFi C JiU J2. Let D be the connected 
component of C \ (Ji U J2) containing Fi. Since 9Fi C Ji U J2, we have 
9Fi n D = 0. Hence, we have Fi = D. Therefore, Fi is doubly connected. 
Thus, we have shown statement [2l 

We now show statement El Let g E G he an element and J a con- 
nected component of J{G). Suppose that g^^{J) is disconnected. Then, 
by Lemma 13.121 there exist at most finitely many connected components 
Ci, . . . ,Cr of g^^{J) with r > 2. Then there exists a positive number e such 
that denoting by Bj the connected component of g~^{B{J,e)) containing Cj 
for each j = 1, . . . ,r, {Bj} are mutually disjoint. By Lemma 13.121 we see 
that, for each connected component B of g~^{B{J,e)), g{B) = B{J,e) and 
5 n 7^ for some j. Hence we get that g^^{B{J,e)) = IJj=i Bj (disjoint 
union) and g{Bj) = B{J,e) for each j. By Lemma l4!2l there exists an element 
heG such that J{h) C B{J, e). Then it follows that g-^{J{h)) n 7^ for 
each j = l,...,r. Moreover, we have g~^{J{h)) C g~^{B{J,e)) = IJj-^i-^i- 
On the other hand, by Corollary 13.71 we have that g^^{J{h)) is connected. 
This is a contradiction. Hence, we have shown that, for each g & G and each 
connected component J of g~^{J) is connected. 

By Lemma 1131 we get that if J G JT", then g*{J) G J^. Let Ji and J2 be 
two elements of J' such that Ji < J2- Let Ui be the unbounded component 
of C \ Ji, for each i = 1,2. Then f/2 C f/i. Let g E G he an element. Then 
g~^{U2) C g~^{Ui). Since g~^{Ui) is the unbounded connected component of 
C\g^\Ji) for each z = 1, 2, it follows that g-^{Ji) < ^"^(^2)- Hence g*{Ji) < 
g*{J2), otherwise g*{J2) < g*{Ji), and it contradicts g~^{Ji) < g~^{J2)- □ 



4.2 Proofs of results in 2.2 



In this section, we prove results in Section 12. 2[ except Theorem I2.121 i^ and 
Theorem l2.121 iHl which will be proved in Section 14.31 

To demonstrate Theorem 12.121 we need the following lemmas. 

Lemma 4.4. Let G be a polynomial semigroup in Qdis- Let Ji, J2 E be two 
elements with Ji 7^ J2- Then, we have the following. 
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1. If Ji, J2 ^ J and Ji < J2, then there exists a doubly connected compo- 
nent A of F{G) such that Ji < A < J2. 

2. // cxD e J2, then there exists a doubly connected component A of F{G) 
such that Ji < A. 

Proof. First, we show statement [H Suppose that Ji, J2 € JT" and Ji < J2. 
We set B = ^j(zj^j^<j<j^J. Then, i? is a closed disconnected set. Hence, 
there exists a multiply connected component A' oiC\B. Since A' is multiply 
connected, we have that A' is included in the unbounded component of C\ Ji, 
and that A' is included in a bounded component of C \ J2. This implies that 
A'r\J{G) = 0. Let A be the connected component of F{G) such that A' C A. 
Since B C J{G), we have F{G) C C \ -B. Hence, A must be equal to A'. 
Since A' is multiply connected. Theorem 12 .71 12] implies that A = A' is doubly 
connected. Let J be the connected component J{G) such that J < A and 
J n dA 7^ 0. Then, since A' = A is included in the unbounded component 
of C \ Ji, we have that J does not meet any bounded component of C \ Ji. 
Hence, we obtain Ji < J, which implies that Ji < J < A. Therefore, A is 
a doubly connected component of F{G) such that Ji < A < J2- Hence, we 
have shown statement [H 

Next, we show statement^ Suppose that 00 G J2- We set B = (Ujgj-,j^<j J)U 
J2. Then, B is a disconnected closed set. Hence, there exists a multiply con- 
nected component A' oi C \ B. By the same method as that of proof of 
statement [1], we see that A' is equal to a doubly connected component A of 
F{G) such that Ji < A. Hence, we have shown statement O □ 

Lemma 4.5. Let Hq be a real affine semigroup generated by a compact set G 
in RA. Suppose that each element h & G is of the form h{x) = hi{h)x + h2{h), 
where bi{h),b2{h) G M, |&i(^)| > 1- Then, for any subsemigroup H of Hq, we 
have M{H) = J{ri{H)) C M. 

Proof. From the assumption, there exists a number i? > such that for each 
h e G, 7]{h){B{oo,R)) C B{oo,R). Hence, we have B{oo,R) C F{7]{H)), 
which implies that J{rj{H)) is a bounded subset of C. We consider the fol- 
lowing cases: 
Case 1: tl( > 3. 

Case 2: {{j\q\H))) < 2. 

Suppose that we have case 1. Then, from Theorem 13.21 it follows that 
M{H) = J{v{H)) C M. 

Suppose that we have case 2. Let b{h) be the unique fixed point of h E H 
in M. From the hypothesis, we have that for each h E H, b{h) G J{7]{H)). 
Since we assume ]^{J{'r]{H))) < 2, Lemma l3.1l fT] implies that there exists a 
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point 6 G M such that for each h E H, we have b{h) = b. Then any element 
h E H is of the form h{x) = Ci{h){x — b) + C2{h), where Ci{h),C2{h) G 
M, |ci(/i)| > 1. Hence, M{H) = {b} C J{r]{H)). Suppose that there exists 
a point c in J{r]{H)) \ {b}. Since J{ri{H)) is a bounded set of C, and since 
we have h~^{J{rj{H))) C J{r]{H)) for each h & H (Lemma IS.lt fTl). we get 
that h~^{c) G J{ri{H)) \ ({6} U {c}), for each element h & H. This implies 
that '\\{J{ri{H))) > 3, which is a contradiction. Hence, we must have that 
J{r]{H)) = {b} = M{H). □ 

We need the notion of Green's functions, in order to demonstrate Theo- 
rem [213 

Definition 4.6. Let D he a domain in C with oo G -D. We denote by 
ip{D,z) Green's function on D with pole at oo. By definition, this is the 
unique function on D fl C with the properties: 

1. ip{D,z) is harmonic and positive in D (IC; 

2. ip{D,z) — log is bounded in a neighborhood of oo; and 

3. ip{D^ z) as z ^ dD. 
Remark 4.7. 

1. The limit lim {ip{D, 2;)— log \z\) exists and this is called Robin's constant 

2:— >oo 

ofD. 

2. If D is a simply connected domain with 00 E D, then we have (p{D,z) = 
— log IV' (-2) I, where ip : D ^ {z E C \ |2;|<1} denotes a biholomorphic 
map with ipi^oo) = 0. 

3. It is well-known that for any g G Polydeg>2, 

ip{Foo{g),z) =\og\z\ + - — -\ -\og\a{g)\ + o{l) as z cx). (1) 

deg(^) - 1 

(See [301 pl47].) Note that the point -^^^^^ log |a(^)| G M is the 
unique fixed point of "^{g) in M. 

Lemma 4.8. Let Ki and K2 he two non-empty connected compact sets in C 
such that Ki < K2- Let Ai denote the unbounded component of C\ Ki, for 
each i = 1,2. Then, we have lim^^oo(log — (p{Ai,z)) < lim2_,oo(log — 

^{A2,Z)). 
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Proof. The function (f){z) := (p{A2, z) — (p{Ai,z) = (log|2;| — ip{Ai,z)) — 
(log|z| — ip{A2,z)) is harmonic on A2 fl C. This (p is bounded around 00. 
Hence extends to a harmonic function on A2. Moreover, since Ki < K2, 
we have hmsup2^aA2 ^i^) ^ 0- Fi'oni the maximum principle, it follows that 
0(00) < 0. Therefore, the statement of our lemma holds. □ 

In order to demonstrate Theorem l2.12i fT| we will prove the following 
lemma. (Theorem 12. 12t l2] and Theorem 12. 12t l3] will be proved in Section l473l ) 

Lemma 4.9. Let G be a polynomial semigroup in Q. Then, there exists an 
injective map \I' : J'g such that: 

1. if Ji, J2 e Jg and Ji < J2, then §(Ji) <r ^(J2); 

2. if J E Jg and 00 E J, then +00 G ^(^7); and 

3. if J e Jg, then ^( J) C R \ {+00}. 
Proof. We first show the following claim. 

Claim 1: In addition to the assumption of Lemma if we have 00 G F{G), 
then M(^(G)) C M \ {+00}. 

To show this claim, let i? > be a number such that J{G) C D{0,R). 
Then, for any g E G, we have K{g) < dD{0, R). By Lemma [4.81 we get that 
there exists a constant C > such that for each g E G, ^^^(^gyi log \ ci{g)\ < C. 
Hence, it follows that M(\I/(G)) C [—00, G]. Therefore, we have shown Claim 
1. 

We now prove the statement of the lemma in the case G G Gcon- If 00 E 
F{G), then claim 1 implies that M($(G')) C M \ {+cxd} and the statement 
of the lemma holds. We now suppose 00 G J{G). We put Lg := max^gj(g) \z\ 
for each g E G. Moreover, for each non-empty compact subset E of C, we 
denote by Cap (E) the logarithmic capacity of E. We remark that Cap(-E') = 
exp(lim2^oo(log \ z\—(p{De,z))), where De denotes the connected component 
of C \ containing 00. We may assume that G P*{G). Then, by p^, we 
have Cap( J((y')) > Cap ([0, Lg]) > Lg/A for each g E G. Combining this with 
00 G J{G) and Theorem 13.21 we obtain +00 G M^(^g) and the statement of 
the lemma holds. 

We now prove the statement of the lemma in the case G E Qdis- Let 
{JaIasa be the set Jg of all connected components of J{G). By Lemma W7I[ 
for each A G A and each n G N, there exists an element g\^n £ G such that 

J(^?A,n)C5(JA,-). (2) 
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We have that the fixed point of "^(gx^n) in is equal to dcg(gA^ )-i ^"^^ k(fl'A,n)|- 
We may assume that ^^^(^g^ yi log \a{g\,n)\ — oa as n — oo, where ax is an 

element of M. For each A G A, let Bx E 7W*(g) be the element with ax G Bx- 
We will show the following claim. 

Claim 2: If A,^ are two elements in A with A 7^ ^, then Bx 7^ B^. Moreover, 
if Ja, J( G J7g and Jx < J(, then Bx <r B^. Furthermore, if G Jg with 
00 G J^, then +00 G -Bg. 

To show this claim, let A and ^ be two elements in A with A 7^ ^. We have 
the following two cases: 
Case 1: Ja, G Jg and Jx < J^. 
Case 2: Ja G Jg and 00 G J^. 

Suppose that we have case 1. By Lemma 14.41 there exists a doubly 
connected component A of F{G) such that 

Ja < A < Jg. (3) 

Let and C2 be two Jordan curves in A such that they are not nuU-homotopic 
in A, and such that Ci < C2- For each i = 1,2, let Ai be the unbounded 
component of C \ Q. Moreover, we set Pi := lim2_,oo (log 1 2 1 — ip{Ai,z)), for 
each z = 1,2. By Lemma (4.81 we have jSi < (32- Let g E G he any element. 
By (I2I) and ([3]), there exists an m G N such that J{gx,m) < Ci- Since P*{G) C 
K{gx,m), it follows that P*{G) is included in the bounded component of C\Ci. 
Hence, we see that 

either J{g) < Ci, or C2 < J{g)- (4) 

From Lemma HSl it follows that either ^^^^gy^ log \ a{g)\ < Pi, or P2 < 
deg(g)-i ™s implies that 

M(vl/(G))cM\(/?i,/52), (5) 

where {Pi, P2) := {x E M \ Pi < x < P2}. Moreover, combining ([2]), (fSl), and 
(jll), we get that there exists a number no G N such that for each n > no, 
J{g\,n) < (1 < (2 < J{g^,n)- From Lemma H78l it follows that 

- — - — -log|a(^A,n)| < Pi< p2< -\ — 7 — \ -log|a(^g,„)|, (6) 

for each n > uq. By and (Q, we obtain Bx <r B^. 

We now suppose that we have case 2. Then, by Lemma [4.41 there exists 
a doubly connected component A of F{G) such that Ja < A. Continuing the 
same argument as that of case 1, we obtain Bx 7^ B^. In order to show +00 G 
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B^, let R be any number such that P*{G) C D{0,R). Since P*{G) C K{g) 
for each g ^ G, combining it with ([2]) and Lemma 14.3^ we see that there 
exists an no = no{R) such that for each n > no, D{0,R) < J{g^,n)- From 
Lemma HSl it follows that dcg(g^^ )-i ^"S I ~^ +00. Hence, +00 G -B^. 

Therefore, we have shown Claim 2. 

Combining Claims 1 and 2, the statement of the lemma follows. 

Therefore, we have proved Lemma [4.91 □ 

We now demonstrate Theorem l2.12t fTl 
Proof of Theorem I^TT^ From Lemma SH Theorem fTTM ] follows. □ 

We now demonstrate Corollary 12.131 

Proof of Corollary EUS By Theorem[321 we have J{Q{G)) = Uhee{G)Jih) = 

Ug(zGJ{Q{g)), where the closure is taken in C. Since J{Q{g)) = {z E C \ \z\ = 
1 

\a{g)\ deg{9)-i 1^ ^ffQ obtain 

J(e(G)) = Ug^ciz G C I = \a{g)\-^^}, (7) 

where the closure is taken in C. Hence, we see that tl(ije(G)) is equal to the 
cardinality of the set of all connected components of J{Q{G)) fl [0, +00]. 
Moreover, let ip : [0, +00] ^ M be the homeomorphism defined by tp{x) := 
log(a;) for x e (0, +cxd), ip^O) := —00, and 'i/'(+oo) = +00. Then, ((Tj) implies 
that, the map i) : [0,oo] M, maps J{Q{G)) n [0, +00] onto M(^(e(G))). 
For any J e J7g(g)7 l^t G A1*{e{G)) = -^*{g) be the element such that 
iIj{J n [0, +00]) = ij{J). Then, the map tjj : Je{G) ■M<$(e(G)) = M^(g) is a 
bijection, and moreover, for any Ji, J2 € Je(G)^ we have that Ji < J2 if and 
only if iIj{Ji) <r i^i-h)- Furthermore, for any J G Jle(G), 00 G J if and only 
if +00 G ip{J)- Let : J'g — > J^e(G) be the map defined by = ip^^ o 
where ^ : J'g A^*{g) is the map in Lemma 14.91 Then, by Lemma [4.91 
: J'g — > Je{G) is injective, and moreover, if Ji, J2 G Jg and Ji < J2, then 
0(^1) e Je(G), e(J2) G Je(G), and 0(Ji) < 0(J2). 

Thus, we have proved Corollary 12.131 □ 

We now demonstrate Theorem 12.141 
Proof of Theorem l2.14t We have that for any j = 1, . . . , m, {'^{hj))^^{x) = 
diiIh-)(^ - log|a,|) = - dii(^log|a,|) + deg(fe')-i logkji where 

X G M. Hence, it is easy to see that U^i(\E'(/ij))"^([a, /?]) C [a, (3]. From the 
assumption, it follows that 

Uf^A^ihj))-\[a,P]) = {a,P]. (8) 
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Moreover, by Lemma [3. we have 



ur=i {v{^{h,)))-\j{rj{^{Gm = Avi^iG))). (9) 

Furthermore, by Lemma [4.51 J(?7(\1/(G'))) is a compact subset of M. Apply- 
ing [ini Theorem 2.6], it follows that J{r]{'^{G))) = [a, (3]. Combined with 
Lemma SSI we obtain M(\I^(G')) = Hence, M(\E'(G')) is connected. 

Therefore, from Theorem l2.12i fT| it follows that J{G) is connected. □ 

We now demonstrate Theorem 12.151 
Proof of Theorem I2.15t Let C be a set of polynomials of degree two 
such that C generates G. Suppose that J{G) is disconnected. Then, by 
Theorem 12.11 there exist two elements /ii,/i2 € G such that the semigroup 
H = {hi,h2) satisfies that J{H) is disconnected. For each j = 1,2, let 
aj be the coefficient of the highest degree term of polynomial hj. Let a := 
"^ini=i-2 { deg(h-)-i \aj\} and p:= maxj=i,2{ ^^^(^JpT log \aj\}. Then we have 
that a = minj=i^2{— log I cij I } and /3 = maxj=i^2{— log 1% |}. Since = 

— log \aj\) = |(a; — (— log \aj\)) + (— log \aj\) for each j = 1, 2, we obtain 
[a, (3] = U'j^^{^{hj)y^{[a,(3]). Hence, by TheoremEHU it must be true that 
J{H) is connected. However, this is a contradiction. Therefore, J{G) must 
be connected. □ 



We now demonstrate Theorem 12.161 
Proof of Theorem 12.161 For each A G A, let b\ be the fixed point of 
'if{h\) in M. It is easy to see that bx = deg{hx)-i 1*^^!' ^'^^ each A G A. 
From the assumption, it follows that there exists a point 6 G M such that 
for each X E A, bx = b. This implies that for any element g E G, the fixed 
point b{g) G M of "^{g) in M is equal to b. Hence, we obtain M(\&(G')) = {b}. 
Therefore, M(\Ef(G)) is connected. From Theorem l2.12t fT| it follows that 
J(G) is connected. □ 



4.3 Proofs of results in 12.31 

In this section, we prove results in 12.31 Theorem I2.12t l2] and Theorem I2.121 l3l 
In order to demonstrate Theorem l2.19l Theorem 12 . 1 21 l2l and Theorem 12. 121 
[3|, we need the following lemma. 

Lemma 4.10. If G e Gdis, then oo G F{G). 

Proof. Suppose that G G Qdis and oo G J{G). We will deduce a contradiction. 
By Lemma 14.31 the element J G Jg with oo E J satisfies that J = {oo}. 
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Hence, by Lemma 14.21 for each n E N, there exists an element Qn E G such 
that J{gn) C B{oo, -). Let i? > be any number which is sufficiently large 
so that P*{G) C 5(0, R). Since we have that P*{G) C K{g) for each g e G, 
it must hold that there exists an number no = no{R) e N such that for each 
n > no, B{0,R) < J{gn)- From Lemma [4.81 it follows that lim2^oo(log l-z] — 
^{Foo{gn),z)) -> +00 as n ^ cx). Hence, we see that deg(g!)-i ^ 
+00, as n oo. This implies that 

1 

Icflfi'n)! dog{9„)-i — > cx), as n — > OO. (10) 

Furthermore, by Theorem 12.121 111 we must have that M(\1/(G)) is discon- 
nected. 

We now consider the polynomial semigroup H = {z ^ |a(^)|2'i<=e(f) I g e 
G} G Q. By Theorem 13.21 we have J{H) = UhenJih). Since the Juha set of 
polynomial \a{g)\ equal to {z E C \ \z\ = \a{g)\ dog{9)-i follows 

that 

J{H) = Ugeciz e C I 1^1 = \a{g)\-^^^}, (11) 

where the closure is taken in C. Moreover, J{Q{G)) = J{H). Combining it 
with dlO]), dm), and Corollary ElSl we see that 

oo G J{H), and J{H) is disconnected. (12) 

Let ip : [0, +oo] — > R be the homeomorphism as in the proof of Corollary 12. 131 
By f fTTl) . we have 

^{J{H) n [0, +oo]) = M{^{H)) = M(^(G)). (13) 

Moreover, by Lemma [3.11 (11 we have 

h{F{H) n [0, +oo]) C F{H) n [0, +oo], for each h e H. (14) 

Furthermore, we have that 

ipoh = \&(/i) o ijj on [0, +oo], for each h e H. (15) 

Combining ffT^ . ffT^ . and ffT^ . we see that 

*(/i)(R \ M{-^{H))) C (M \ M{^{H))), for each h e H. (16) 

By Lemma [4.31 and f[T^ . we get that the connected component J of J{H) 
containing oo satisfies that 

J={oo}. (17) 



42 



Combined with Lemma 14.2^ we see that for each n E N, there exists an 
element hn E H such that 

J{hn) C B{oo,-). (18) 
n 

Combining (fTTj) . (fT3l) . (fT7|) . and (fT8l) . we obtain the following claim. 
Claim 1: +oo is a non-isolated point of M(\l/(if)) and the connected com- 
ponent of M(\l/(if)) containing +oo is equal to {+oo}. 

Let h E H he a.n element. Conjugating G by some linear transformation, 
we may assume that h is of the form h{z) = z*, s G N, s > 1. Hence \l/(/i) (x) = 
sx,s > 1. Since is a fixed point of "^{h), we have that G M(\l/(if)). By 
Claim 1, there exists Ci, C2 G [0, +oo) with ci < C2 such that the open interval 
/ = (ci,C2) is a connected component of M \ M(\l/(if)). We now show the 
following claim. 

Claim 2: Let Q = (ri,r2) C (0, +oo) be any connected open interval in 
M \ M(\l/(if)), where < ri < r2 < -|-oo. Then, we have r2 < sri. 

To show this claim, suppose that sri < r2- Then, it implies that 
U„eNu{o}^(/i)"(Q) = ('^i, +oo). However, by ([IS]), we have U„6Nu{o}^(/i)"(<5) C 
]|\M(\l>(if)), which implies that the connected component Q' of M\M(\I^(/f)) 
containing Q satisfies that Q' D (ri, +oo). This contradicts Claim 1. Hence, 
we obtain Claim 2. 

By Claim 2, we obtain ci > 0. Let C3 G (0, ci) be a number so that 
C2 — C3 > s(ci — C3). Since ci G M(\l/(if)), there exists an element c G (cs, ci] 
and an element hi E H such that ^{hi){c) = c and (\I^(/ii))'(c) > 1. Since 
C2 — C3 > s(ci — C3), we obtain 

C2 — c > s(ci — c). (19) 

Let t := (^(;ii))'(c) > 1. Then, for each n G N, we have (^(/ii))'"(/) = 
(t"(ci - c) + c, t"(c2 - c) + c). From Claim 2, it follows that r(c2 - c) + c < 
s(t"(ci — c) + c), for each n G N. Dividing both sides by and then letting 
n — > 00, we obtain C2 — c < s(ci — c). However, this contradicts ( |T9|) . Hence, 
we must have that 00 G F{G). Thus, we have proved Lemma [4.101 □ 

We now demonstrate Proposition 12. 181 
Proof of Proposition 12.181 Let U he a connected component of F{G) 
with Unk{G) 7^ 0. Let 5( G G be an element. Then we have k{G)nF{G) C 
int(K(^)). Since h{F{G)) C F{G) and h{k{G)nF{G)) C k{G)nF{G) for 
each /i G G, it follows that h{U) C int(i^(5f)) for each h E G. Hence U C 
int(i^(G)). From this, it is easy to see k{G) n F{G) = mt{k{G)). By the 
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maximum principle, we see that U is simply connected. 



□ 



We now demonstrate Theorem 12.191 
Proof of Theorem \2A9[ 

First, we show statement [H By Lemma f4.10[ we have that oo G F{G). 
Let Foo(G) be the connected component of F{G) containing oo. Let J G J7 be 
an element such that dFoo{G) fl J 7^ 0. Let D be the unbounded component 
of C\ J. Then Foo{G) C D and D is simply connected. We show Foo{G) = D. 
Otherwise, there exists an element Ji E J such that J and J\ C D. By 
Theorem 12. 7tf n we have either J\ < J or J < Ji. Hence, it follows that J < Ji 
and we have that J is included in a bounded component of C \ Ji. Since 
Foo(G) is included in the unbounded component Di of C \ Ji, it contradicts 
dFac{G) n J 7^ 0. Hence, Foo(G) = D and Foo{G) is simply connected. 

Next, let Jmax be the element of JT" with dFoo{G) C Jmax, and suppose that 
there exists an element J E J such that Jmax < J- Then J^aK is included 
in a bounded component of C \ J. On the other hand, FooiG) is included 
in the unbounded component of C \ J. Since dFoo{G) C Jmax, we have a 
contradiction. Hence, we have shown that J < Jmax for each J E J . 

Therefore, we have shown statement [H 

Next, we show statement El Since ^ P*{G) C k{G), we have k{G) ^ 
0. By Proposition 12.181 we have dK{G) C J{G). Let Ji be a connected 
component of J{G) with Ji fl dK{G) 7^ 0. By Lemma Ji G J . Suppose 
that there exists an element J E J such that J < Ji. Let 2:0 G J be a 
point. By Theorem 13.21 there exists a sequence {gri}nm in G such that 
(i(zo5 J{gn)) ^ as n — > 00. Then by Lemma 14. H sup d{z, J) ^ as 

zeJ(g„) 

n ^ 00. Since Ji is included in the unbounded component of C \ J, it 
follows that for a large n G N, Ji is included in the unbounded component of 
C \ J{gn)- However, this causes a contradiction, since Ji fl K{G) 7^ 0. Hence, 
by Theorem I2.7t fn it must hold that Ji < J for each J E J . This argument 
shows that if Ji and J2 are two connected components of J{G) such that 
Ji n dK{G) 7^ for each i = 1,2, then Ji = J2. Hence, we conclude that 
there exists a unique minimal element Jmin in (JT, <) and dK{G) C Jmin- 

Next, let D be the unbounded component of C\ Jmin- Suppose Dr\K{G) 7^ 
0. Let a; G -D n K{G) be a point. By Theorem 13.21 and Lemma 14.11 there 
exists a sequence {gn}neN in G such that sup d{z, Jmin) as n ^ 00. 

Then, for a large G N, a; is in the unbounded component of C \ J{gn)- 
However, this is a contradiction, since g^^x) — *• 00 as / — *• 00, and x G K{G). 
Hence, we have shown statement [21 

Next, we show statement [HI By Theorem 12.11 there exist Ai,A2 G A 
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and connected components Ji, J2 of J{G) such that Ji ^ J2 and J{h\.) C 
Jj for each i = 1,2. By Lemma 14.31 we have Ji E J for each i = 1,2. 
Then J{hx^) fl J{hx,^) = 0. Since P*{G) is bounded in C, we may assume 
J{h\^) < J{hx^). Then we have K{hx,^) C 'uit{K{hx^)) and J2 < Ji. By 
statement El Ji 7^ Jmin- Hence J{hx^) H Jmm = 0- Since P*{G) is bounded in 
C, we have that K{hx2) is connected. Let U be the connected component of 
mt{K{hxi)) containing K{hx2)- Since P*{G) C K{hx2), follows that there 
exists an attracting fixed point zi of /iai in Klhx^) and f/ is the immediate 
attracting basin for zi with respect to the dynamics of hx^- Furthermore, 
by Corollary 13.71 h'^^{J{hx2)) is connected. Therefore, h^^{U) = U. Hence, 
mt{K{hx,)) = U. 

Suppose that there exists an n G N such that h^^{J{hx2)) n J{hx2) 7^ 0- 
Then, by Corollary 13.71 A := ^s>ohx^^{J{hx2)) is connected and its clo- 
sure A contains J{hx^)- Hence J{hx^) and J {11x2) are included in the same 
connected component of J{G). This is a contradiction. Therefore, for each 
n G N, we have h^^{J{hx2)) H J{hx2) = 0- Similarly, for each n G N, we 
have h^^{J{hxJ) fl J{hxJ = 0. Combining h^^{J{hx2)) n J{hx2) = with 
zi G K{hx2), obtain Zi G mt{K{hx2))- Hence, we have proved statement 

El 

We now prove statement HI Let g E G he an element with J(5') fl Jmin = 0- 
We show the following: 
Claim 2: J-^m < J{.g)- 

To show the claim, suppose that Jmin is included in the unbounded com- 
ponent U oiC\ J{g). Since ^ dK{G) C J^i^, it follows that K{G)r]U ^ 0. 
However, this is a contradiction. Hence, we have shown Claim 2. 

Combining Claim 2, Theorem 13. 2l and Lemma I^TTl we get that there exists 
an element hi & G such that J{hi) < J{g). From an argument which we have 
used in the proof of statement El it follows that g has an attracting fixed point 
Zg in C and mt{K{g)) consists of only one immediate attracting basin for Zg. 
Hence, we have shown statement HI 

Next, we show statement [5l Suppose that mt{K{G)) = 0. We will deduce 
a contradiction. If int{K{G)) = 0, then by Proposition 12.181 we obtain 
F{G) n K{G) = 0. By statement El there exist two elements gi and g2 of G 
and two elements Ji and J2 of J' such that Ji 7^ J2, such that J{gi) C Ji 
for each i = 1,2, such that gi has an attracting fixed point zq in int{K{g2)), 
and such that K{g2) C mt{K{gi)). Since we assume F{G) fl K{G) = 0, 
we have zq G P*{G) C K{G) C J{G). Let J be the connected component 
of J{G) containing zq. We now show J = {zq}. Suppose jjJ > 2. Then 
J((?i) C U„>o5'f"(J). Moreover, by Theorem l2.7t lHl gi^J is connected for 
each n E N. Since g^"{J) fl J 7^ for each n G N, we see that U„>o5'7"'(J) is 
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connected. Combining this with Zq G mt{K{g2)), K{g2) C mt{K{gi)), Zq E J 
and J{gi) C U„>o5']~"( J), we obtain U„>o5'f "(J) n J{g2) 7^ 0- Then it follows 
that J{gi) and J{g2) are included in the same connected component of J{G). 
This is a contradiction. Hence, we have shown J = {zo}- By statement [2], we 
obtain {zq} = Jmm = P*{G). Let ip{z) := and let G := {(pg(p~^ \ g G G}. 

Then G G ^di^. Moreover, since zq G ^/(G), we have that 00 G J{G). This 
contradicts Lemma [4.101 Therefore, we must have that mt{K{G)) 7^ 0. 

Since dK{G) C Jmin (statement [2]) and K{G) is bounded, it follows that 
C \ Jmin is disconnected and tl Jmin > 2. Hence, ji J > 2 for each J E J = J . 
Now, let (7 G G be an element with J{g) fl Jmin = 0- we show J^in 7^ Jmin)- 

If Jmin = 5'* (Jmin), then 5'"^(Jmin) C Jmin- SiuCC jjJmin > 3, it folloWS that 

J{g) C Jmin, which is a contradiction. Hence, Jmin 7^ fi'*(Jmin), and so 
Jmin < (?*( Jmin)- Combined with Theorem 12. 7l l3l we obtain 5'~^( J(G))n Jmin = 
0. Since g{k{G)) C k{G), we have c/(int(i^(G))) C int(i^(G)). Suppose 
g{dk{G))ndk{G) ^ 0. Then, since dk{G) C Jmin (statement [2D, we ob- 
tain 5'(Jmin) n Jmin 7^ 0- This implies g~^{Jmin) n Jmin 7^ 0, wliich contra- 
dicts g-\J{G)) n Jmin = 0- Hence, it must hold g\dk{G)) C int(i^(G)), 
and so g{k{G)) C int(i^(G)). Moreover, since g~\J{G)) n Jmin = 0, we 
have that g{Jrain) is a connected subset of F{G). Since dK{G) C Jmin and 
g{dk{G)) C int(i^(G)), Proposition 12.181 implies that 5'(Jmin) must be con- 
tained in int(-ft'(G)). 

By statement HJ g has a unique attracting fixed point Zg in C. Then, 
Zg G P*(G) C k{G). Hence, = g{zg) G ^(i^(G)) C int(i^(G)). Hence, we 
have shown statement [51 

We now show statement [Ul Since Foo(G) is simply connected (statement 
[T]), we have U^g^A C C. Suppose that there exist two distinct elements Ai 
and A2 in A such that Ai is included in the unbounded component of C\yl2, 
and such that A2 is included in the unbounded component of C\y4i. For each 
i = 1,2, Let Jj G JT" be the element that intersects the bounded component 
of C \ Ai. Then, Ji 7^ J2. Since {J', <) is totally ordered (Theorem I2.71 [TI). 
we may assume that Ji < J2. Then, it implies that Ai < J2 < A2, which is 
a contradiction. Hence, {A, <) is totally ordered. Therefore, we have proved 
statement [6] 

Thus, we have proved Theorem 12.191 □ 

We now demonstrate Theorem 12.211 
Proof of Theorem [2I2II First, we show Theorem [2I2THI1 If G G Gcon, then 
J(G) is uniformly perfect. 

We now suppose that G G Qdis- Let A be an annulus separating J(G). 
Then A separates Jmin and Jmax- Let D be the unbounded component of C \ 
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Jjnin and let U be the connected component of C\ J^ax containing Jmin- Then 
it follows that AcUnD. Since tIJmin > 1 and oo G F{G) (Theorem [21111), 
we get that the doubly connected domain UnD satisfies mod (UnD) < oo. 
Hence, we obtain mod A < mod {U (1 D) < oo. Therefore, J{G) is uniformly 
perfect. 

If a point zq G J{G) is a superattracting fixed point of an element g E G, 
then, combining uniform perfectness of J{G) and [TSl Theorem 4.1], it follows 
that zq G int (J(G')). Thus, we have shown Theorem 12.211 111 

Next, we show Theorem 12:211 121 If G G ^ and oo G J{G), then by 
Lemma 14.101 we obtain G G Qcon- Moreover, Theorem l2.2H fT] implies that 
oo G int(J((j')). Therefore, we have shown Theorem 12.211 121 

We now show Theorem 12. 2 ll lHl Suppose that G G Qdis- Let g E G and let 
zi G J{G) n C with g{zi) = zi and g'{zi) = 0. Then, zi G P*{G) C K{G). 
By Theorem 12.1 9l i2l we obtain zi G Jmin- Moreover, Theorem l2.2H fT] implies 
that Zi G int(J(G')). Combining this and zi G Jmin, we obtain Zi G int(Jmin)- 
By Theorem 12.191 - [5bl we obtain J{g) C Jmin- 

Hence, we have shown Theorem 12.211 □ 

We now demonstrate Theorem 12. 121 121 
Proof of Theorem I2.12t l2t Suppose G G Qdis- Then, by Lemma 14.101 we 
obtain oo G F{G). Hence, there exists a number R > such that for each 
g ^ G, J{g) < dB{0,R). From Lemma 14.81 it follows that there exists a 
constant Ci > such that for each g E G, -^^^^^^y^ log \a{g)\ < Ci. This 
implies that there exists a constant C2 G M such that 

M(*(G)) C [-00, Ci]. (20) 

Moreover, by Theorem 12. 191 l5l we have that int(i^(G)) 7^ 0. Let S be a closed 
disc in int(i^(G)). Then it must hold that for each g E G, B < J{g). Hence, 
by Lemma 14. 8[ there exists a constant C3 G M such that for each g E G, 
C3 < ^^^gyi log |q-(5') I- Therefore, we obtain 

M{^iG)) C [C3,+oo]. (21) 

Combining ([20]) and ([21]), we obtain M(\E'(G')) C M. Let C4 be a large num- 
ber so that M(\E'(G')) C D{0,C4). Since for each g E G, the repelling fixed 
point — ^^g^g^_i log \ 0'{g)\ of ri{'^{g)) belongs to D{0,C4) fl M, we see that 
for each?G C\D{0,G,), |r;(^(^))(2;)| = | deg((7)(2; - ^j^^ log |a((7)|) + 
deg(gVi 1^(^)1 1 - deg(^)C4 - (deg(^) - 1)C4 = C4. It follows that 00 G 
F(r/(^(G))). Combining this and Theorem[32l we obtain M(^(G')) = J(r7(^(G))), 
if tl(J(r/(vl/(G)))) > 3. 
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Suppose that }!( J(?7(\[^(G')))) = 2. Let g E G he an element and let 6 G M 
be the unique fixed point of "^{g) in M. Then, since oo G F(r7(\l'(G'))), there 
exists a point c G {J{r]{^{G))) nC)\{b}. By LemmaOIH {r]{^{g)))-\c) G 
J(r/(*(G))) \ {b,c}. This contradicts j( J(r/(^(G)))) = 2. Hence it must hold 
that mvC^iG)))) ^ 2. 

Suppose that tl( J(r?(^(G)))) = 1. Since M(^(G)) C M and M(^(G)) n 
M C J(r/(^(G))), it follows that M(^(G)) = J(?7(^(G))). 

Therefore, we always have that M(\E'(G')) = J(r7(^(G'))). Thus, we have 
proved Theorem ElSEl □ 

We now demonstrate Theorem I2.121 l3l 
Proof of Theorem By Theorem I^TTM l and Theorem fTTM l the 

statement holds. □ 

We now demonstrate Proposition 12.221 
Proof of Proposition I2.22t First, we show statement [H Let g E Qi. We 
show the following: 

Claim 1: For any element Jj, E J with Ji < J3, we have Ji < g*\Jz). 

To show this claim, let J G J7 be an element with J((7) C J. We consider the 

following two cases; 

Case 1: J < J3, and 

Case 2: Ji < < J. 

Suppose that we have Case 1. Then, Ji < J = g*{J) < g*{J3)- Hence, 
the statement of Claim 1 is true. 

Suppose that we have Case 2. If we have g*{Jz) < J3, then, we have 
(^")*(^3) < g*iJ3) < J3 < J for each n G N. Hence, M{d{z,J) \ z G 
g^"{J3),n G N} > 0. However, since J{g) C J and jjJs > 3, we obtain a 
contradiction. Hence, we must have J3 < g*{J3), which implies Ji < J3 < 
g*{Js). Hence, we conclude that Claim 1 holds. 

Now, let Ki := J{G) H (Ji UAi). Then, by Claim 1, we obtain g~^{Ki) C 
Ki, for each g E Qi. From Lemma [3?Tl l6l it follows that J (Hi) C Ki. Hence, 
we have shown statement [H 

Next, we show statement [21 Let g G Q2- Then, by the same method as 
that of the proof of Claim 1, we obtain the following. 
Claim 2: For any element J4 G JT" with J4 < J2, we have g*{Ji) < J2- 

Now, let K2 := J{G) n (C \ A2). Then, by Claim 2, we obtain g^\K2) C 
i^2, for each g G Q2- From Lemma [37TI I61 it follows that J{H2) C K2. Hence, 
we have shown statement [21 

Next, we show statement [31 By statements [T] and [21 we obtain J{H) C 

j{Hi) n J(i/2) c i^i n c (C \ A2) n (Ji u Ai) c Ji u (A^ \ A2). 

Hence, we have proved Proposition 12.221 □ 
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We now demonstrate Proposition 12.231 
Proof of Proposition lOSt By Theorem O and Theorem IZTOl {J, <) 
is totally ordered and there exists a maximal element Jmax and a minimal 
element Jmin- Suppose that for any /i e F, J{h) fl Jmax = 0- Then, since 
tt<^iax > 3 (Theorem l2.19ll3al) . we get that for any /i G F, Jmax) H Jmax = 0- 
Combining it with Theorem 12. 7t lHl it follows that for any G F, h~^{J{G)) fl 
Jmax = 0- However, since J{G) = UheTh^^{J{G)) (Lemma l3.H l2l). it causes a 
contradiction. Hence, there must be an element /ii G F such that J{hi) C 

J max- 

By the same method as above, we can show that there exists an element 
/i2 G F such that J(/i2) C Jmin- n 



4.4 Proofs of results in 12.41 

In this section, we prove results in 12.41 

We now prove Theorem 12.241 
Proof of Theorem I2.24t Combining the assumption and Theorem I2.71 IHI 
we get that for each /i G F and each j G {!,..., n}, there exists a A; G 
{1, . . . ,n} with h~^{Jj) C Jk- Hence, 

h~\u]^^Jj) C U^=iJ,-, for each heT. (22) 

Moreover, by Theorem I2.19tl3al we obtain 

K^]=,J,) > 3. (23) 

Combining ([221), (ESI), and Lemma Oil it follows that J{G) C U"=i -^i- 
Hence, J{G) = U^^iJj. Therefore, we have proved Theorem 12. 24[ 

□ 

We now prove Proposition 12.251 
Proof of Proposition 12.25t Let G N with n > 1 and let e be a number 
with < e < |. For each j = l,...,n, let aj{z) = ^z^ and let Pj{z) = 

'-{z-eY + e. 

For any large / G N, there exists an open neighborhood U of {0, e} with 
U G {z \ \z\ < 1} and a open neighborhood V of {a[, . . . , a^, P[, . . . , /3^) in 
(Poly)^" such that for each [hi, . . . , h2n) e V, we have U'^''l^hj{U) C U and 
U^iC(/ij) n C C f/, where G{hj) denotes the set of all critical points of hj. 
Then, by Remark 11.31 for each {hi, . . . , hm) G V, {hi, ... , h2n) E Q. \i I is 
large enough and V is so small, then, for each {hi, ... , h2n) £ V , the set 
Ij := J{hj) U J{hj^n) is connected, for each j = 1, . . . ,n, and we have: 

{h,)-\i,) n /, ^ 0, {h,+ny\ij) nh^ds, (24) 
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for each Furthermore, for a closed annulus A = {z \ ^ < \z\ < n + 1}, 

if / G N is large enough and V is so small, then for each {hi, ... , hm) G V , 
U]li{hj)~^{A) C int(A) and {{hj)'^{A) U (/ij+n)"H^)}j=i are mutually dis- 
joint. Combining it with Lemma [3111 16] and Lemma [3m i2l we get that for each 
{hi, . . . , h2n) e V , J{{hi, . . . , /i2n)) C A and { Jj}"^^ are mutually disjoint, 
where Jj denotes the connected component of J{{hi, . . . , h2n)) containing 
Ij = J{hj) U J{hj^n)- Combining it with fl24p and Theorem 12.241 it follows 
that for each {hi, ... , h2n) G V, the polynomial semigroup G = {hi, ... , h2n) 
satisfies that tKiTc) = n. □ 

To prove Theorem I2.26[ we need the following notation. 
Definition 4.11. 

1. Let X be a metric space. Let hj : X X {j = l,...,m) be a 
continuous map. Let G = {hi, . . . , hm) be the semigroup generated by 
{hj}. A non-empty compact subset L of X is said to be a backward 
self-similar set with respect to {hi, . . . , hm} if 

(a) L = [J';^,hj\L) and 

(b) g^^{z) 7^ for each z E L and g E G. 

For example, if G = {hi, . . . , hm) is a finitely generated rational semi- 
group, then the Julia set J{G) is a backward self-similar set with respect 
to {hi, . . . , hm}- (See Lemma [3?Tl l2l) 

2. We set := {1, . . . , m}^. For each x = {xi,X2, . . . ,) G S^, we set 
L.:=riT=iK^---K;iL) 0). 

3. For a finite word w = {wi, . . . , Wk) G {!..., m}^, we set h^i; := h^^ o 
■ ■ ■ o hy,^. 

4. Under the notation of pll page 110-page 115], for any A; G N, let Vtk = 
flk{L, {hi, . . . , hm}) he the graph (one-dimensional simplicial complex) 
whose vertex set is {1, . . . , m}'^ and that satisfies that mutually different 
w^, G {1, . . . , m}^ makes a 1-simplex if and only if 0^=1 (-^) ^■ 

Let (fk '■ ^k+i be the simplicial map defined by: 

{wi, Wk+i) ^ {wi, ...,Wk) for each {wi, . . . , Wk+i) G {1, . . . , m}''+^ 

Then {(pk '■ ^fc+i ^k}ken makes an inverse system of simplicial maps. 

5. Let C(|f2fc)|) be the set of all connected components of the realization 
\Qk\ of Qk- Let {{(pk)* '■ C{\Qk+i\) — > C(|f2fc|)}A:eN be the inverse system 
induced by {(pk}k- 
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Notation: We fix an m G N. We set W* := U^^{1, . . . , m}'' (disjoint 
union) and W := W* U S.^ (disjoint union). For an element x G W, we 
set \x\ = k if X (z {1, . . . ,m}^, and |x| = oo if x G S^- (Tliis is called the 
word length of x.) For any x G W and any j G N with j < \x\, we set 
x\j := (xi, . . . Xj) G {1, . . . , m}-'. For any x^ = {x\, . . . , x^) G W* and any 
x^ = (x^, xl, . . .) G VV, we set x^x^ := (x^, . . . , x^, xf, xl, . . .) G VV. 
To prove Theorem 12.261 we need the following lemmas. 

Lemma 4.12. Let L be a backward self-similar set with respect to {hi, . . . , hm}- 
Then, for each /c G N, the map \(pk\ '■ \^k+i\ \^k\ induced from ipk ■ ^k+i 
Qk is surjective. In particular, (ipk)* '■ C{\Qk+i\) C{\Qk\) is surjective. 

Proof. Let x^, x^ G {1, . . . , m}^ and suppose that {x^, x^} makes a 1-simplex 
in Qfc. Then h-,\L) n h'^L) ^ 0. Since L = UjL-^hj\L), there exist x^^^ 
and x^_|_]^ in {l,...,m} such that h~lh~l (L) fl h~2h~2 (L) ^ 0. Hence, 

{x^x^_^^, x^x^_,_i} makes a 1-simplex in fifc+i. Hence the lemma holds. □ 

Lemma 4.13. Let m > 2 and let L be a backward self-similar set with respect 
to {hi, . . . , hm}- Suppose that for each j with j ^ \, h^^{L)nhJ^{L) = 0. For 
each k, let Ck G C(|i7fc|) be the element containing (!,...,!) G {1, . . . , m}''. 
Then, we have the following. 

1. For each ken,Ck = {(1, . . . , 1)}. 

2. For each G N, m{\^k\)) < m{\^k+i\)). 

3. L has infinitely many connected components. 

4. Let X := (1, 1, 1, . . .) G and x' G an element with x 7^ x'. Then, 
for any y & and y' G L^/, there exists no connected component A of 
L such that y & A and y' G A. 

Proof. We show statement [T] by induction on k. We have Ci = {1}. Suppose 
Ck = {(!,...,!)}. Let w G {1, . . . , m}'^"'"^ fl C^+i be any element. Since 
{(fk)*iCk+i) = Ck, we have fkiw) = (1, . . . , 1) G {1, . . .,m}''. Hence, w\k = 
(!,...,!) G {1, . . . ,m}^ Since hi\L) n hj\L) = for each j 7^ 1, we 
obtain w = (!,...,!) G {1, . . . ,m}''~^^. Hence, the induction is completed. 
Therefore, we have shown statement [H 

Since both (1, ... 1, 1) G {1, ... , mj'^+i and (1, . . . , 1, 2) G {1, . . . , m}^+i 
are mapped to (1, . . . , 1) G {1, . . . , m}^ under ipk, by statement [T]and Lemma 14.121 
we obtain statement [21 For each A; G N, we have 

^=11 U ^»'(^)- (25) 

cecd^fcl) we{i,...,m}''nc 
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Hence, by statement [21 we conclude that L has infinitely many connected 
components. 

We now show statement HI Let := min{/ G N | 7^ 1}. Then, 
by ( l25l) and statement [H we get that there exist compact sets Bi and B2 
in L such that Bi n B2 = 0, B1VJB2 = L, C {h'l'')-\L) C Bi, and 
L^i C h~,^ ■ ■ ■ h'^} (L) C -82- Hence, statement H] holds. □ 

1 fcg 

We now demonstrate Theorem 12.261 

Proof of Theorem 12.261 By Theorem l2.191 fT] or Remark 12.51 we have 

J = J. Let Ji G be the element containing J{hm)- By Theorem 12.11 

we must have Jq 7^ Ji. Then, by Theorem l2.7l fT| we have the following two 

possibilities. 

Case 1. Jo < Ji- 

Case 2. Ji < Jo- 
Suppose we have case 1. Then, by Proposition 12.231 we have that Jo = 

Jjnin and Ji = Jmax- Combining it with the assumption and Theorem I2.71 IHI 

we obtain 

U^J-/ /l-^(Jmax) C J^in. (26) 

By ( I26i) and Theorem I2.71 l3l we get 

UJS,' hj\j{G)) C Jr.^. (27) 
Moreover, since J{hm) H Jmin = 0, Theorem 12. 19115 bl implies that 

h-l{j{G))nJ,^^ = %. (28) 

Then, by (ETj) and (EHl), we get 

h-l{J{G)) n {UJ-,%\J{G))) = 0. (29) 

We now consider the backward self-similar set J{G) with respect to {hi, . . . , hm}- 
By Lemma [3.H l2l we have 

J(G') = U^es„(J(G'))^. (30) 
Combining (1291) . Lemma [4. 131 Lemma [3.81 and ( [301) . we obtain 

Jmax = {J{G))m°° ^ J (hm) , (31) 

where we set := (m, m, m, . . .) G S^. Furthermore, by ( [29l) and Lemma [4.13l 
we get 

KJ) > Ho- (32) 
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Let X = {xi, X2, . . .) £ be any element with x ^ m°° and let I := min{s G 
N I 7^ m}. Then, by ( HT} . we have 

(AG)). = n-L.Kl ■ ■ ■ K^iAG)) c (/^t^^)-^(Jmin). (33) 

Combining flHUj) with flHT]) and flH^ . we obtain 

J(G) = J^axU U /l„"(J„,in). (34) 

neNU{0} 

By (IS2D and dMD, we get ^{J) = Kq. Moreover, combining pi]), dSl, Theo- 
rem [mnHH and Theorem 12. 19H5bl we get that for each J E J' with J ^ Jmax, 
there exists no sequence {CjjjgN of mutually distinct elements of J such that 
min^gc ^{,^1 J) — >■ as j — i> oo. Furthermore, combining ( l3Ti) . Theorem 12 .191 
m and Theorem I2.19tl5bl we obtain J^ax = (J(G))m°o = J{hm)- Hence, all 



statements of Theorem 12.261 are true, provided that we have case 1. 

We now assume case 2: Ji < Jq. Then, by Proposition 12. 23^ we have that 
Jo = Jmax and Ji = Jmin- By the same method as that of case 1, we obtain 

Jmin = (J(G'))m°° ^ J(^m)) (35) 

J(G') = JmmU U /i;;"(Jmax), (36) 
neNU{0} 

and 

KJ) = «o. (37) 

Since J{hj) C Jq, for each j = 1, . . . , m — 1, and Jq 7^ Jmin, Theorem 12. 19115 bl 
implies that for each j = 1, . . . ,m — 1, hj{J{hm)) C int(-ft'(/im))- Hence, for 
each j = 1, . . . ,m, hj{K{hm)) C K{hm)- Therefore, we have 

int(ir(/i„)) C F{G). (38) 

By ( l38l) and (j35l) . we obtain Jmin = (J(G))m°° = J{hm)- Moreover, by ( |35l) 
and ( l36l) . we get that for each J E J with J 7^ Jmin, there exists no sequence 
{Cj}jgN of mutually distinct elements of J such that min^gc^ 6/(2;, J) ^ as 
J — »• cxo. Hence, we have shown Theorem 12. 26[ □ 



We now demonstrate Proposition 12.271 
Proof of Proposition 12.271 Let < e < | and let ai{z) := z^,a2{z) := 
{z — eY + e, and a^{z) := If we take a large / G N, then there exists 
an open neighborhood U of {0,e} with U C {\z\ < 1} and a neighborhood 
y of (a5^,a2,a3) in (Poly)^ such that for each (/ii, /;,2, /is) G F, we have 
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U|=i/ij(f/) C U and U^^-^C{hj) CiC C U, where C{hj) denotes the set of 
all critical points of hj. Then, by Remark 11.31 for each {hi,h2,h-^) € V, 
{hi, /i2, h^) G Q. Moreover, if we take an / large enough and V so small, then 
for each (/ii, /i2, /is) G V, we have that: 

1. J{h) < Jih); 

2. J{hi) U J{h2) is connected; 

3. hr\j{h3)) n (J(/ii) U J(/i2)) ^ 0, for each i = 1, 2; 

4. U|=i/i~^(A) C A, where A = {;z e C | ^ < |z| < 3}; and 

5. h^\A)n{U]^,hr\A))=iD. 

Combining statements H] and [5] above. Lemma l3.H l6l and Lemma l3.H l2l we 
get that for each (/ii,/i2,^3) G V, J{{hi, h2, h^)) C A and J{{hi, h2, h^)) is 
disconnected. Hence, for each {hi,h2,h^) G we have {hi,h2,h^) G ^dj^- 
Combining it with statements [2] and [3] above and Theorem 12. 26^ it follows 
that J(/ii) U J(/i2) C Jo for some Jq G j{hi,h2M)i hJ^{J{h3))r]Jo 7^ for each 
j = 1,2, and^ Ji^hiMM)) = ^oJoi each (hi, h2, h) G V. Since J{hi) < J{h), 
Theorem 12.261 implies that the connected component Jq should be equal to 

Jmm{{hl,h2,h3)), and that Jmax((^l, ^ ^2, = Jih)- 

Thus, we have proved Proposition 12.271 □ 

We now show Proposition 12.281 
Proof of Proposition I2.28t In fact, we show the following claim: 
Claim: There exists a polynomial semigroup G = {hi, /i2, h^) in Q such that 
all of the following hold. 

1. KJ) = ^o. 

2. Jjnin 3 J{hi) U J{h2) and there exists a superattracting fixed point Zq 
of hi with zq G int(Jmin)- 

3. Jmax = Ji^h^). 

4. There exists a sequence {^j}jeN of positive integers such that J' = 
{Jmin} U {Jj- I j G N}, where Jj denotes the element of J' with 

h^ (Jmin) C t/j. 

5. For any J ^ J with J 7^ Jmax, there exists no sequence {CjjjgN of 
mutually distinct elements of J such that min^gc* J) — * as j — > 
cxo. 
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6. G is sub-hyperbolic: i.e., tK^^lG) n J{G)) < oo and P{G) n F{G) is 
compact. 

To show the claim, let gi{z) be the second iterate of z \—>- z"^ — 1. Let g2 be 
a polynomial such that J{g2) = {z \ \z\ = 1} and g2{—l) = —1. Then, we 
have gl{^/^) = 3 G C \ K{gi). Take a large, positive integer mi, and let 
a := Then, 

J(((?r>^?2))c{z| |z|<a}. (39) 
Furthermore, since a > | + we have 

(c/r)"K{^ I 1^1 < a}) C {z I |z| < a}. (40) 

Let be a polynomial such that Jigs) = {z \ \z\ = a}. Since —1 is a 
superattracting fixed point of g^^ and it belongs to J{g2), by [15^ Theorem 
4.1], we see that for any m G N, 

-leint{J{{gT\gT))). (41) 

Since J{g2) n int(fs:(^™i)) ^ and 7(^2) n F^ig"^') ^ 0, we can take an 
1712 € N such that 

{gr)-\{^ I kl = a}) n J((^?r,^?2"^^)) ^ (42) 

and 

(^7r)-H{^ I kl < 4) C {z I \z\ < a}. (43) 
Take a small r > such that 

for each j = 1, 2, 3, 5'j({-2 | \z\ < r}) C {-2 | \z\ < r}. (44) 

Take an ms such that 

{gTT'iU I kl = n) n {uUigTT'iU I kl < «})) = (45) 

and 

^?3"^^(-l)G{;.||;.|<r}. (46) 
Let K := {z \ r <\z\ < a}. Then, by (HOD, (iS]), dH and (iSl), we have 

(^?70"'(^) C ir, for J = 1,2, 3, and {gTT'iK) n (U,2=i(^?70-^(ir)) = 0. 

(47) 

Let hj := gj'\ for each j = 1,2,3, and let G = {hi, h2, h^) . Then, by f HTl) 
and Lemma [3.H l6| we obtain: 

J{G) C K and /ig '(J(G')) n (U^Li/i7^( 7(6"))) = 0. (48) 
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Combining it with Lemma [3.11 1^ it follows that J{G) is disconnected. Fur- 
thermore, combining (jH]) and (HH]), we see G e Q, P{G) n J{G) = {-1}, 
and that P{G) fl F{G) is compact. By Proposition 12.231 there exists a 
j G {1,2,3} with J{hj) C Jmin- Since J{G) C K C {z \ \z\ < a} and 
J(/i3) = {z I \z\ = a}, we have 

Jihs) C Jn,ax. (49) 

Hence, either J{hi) C Jmin or J{h2) C Jmin- Since J(/ii) U J(/i2) is connected, 
it follows that 

J{h) U J(/l2) C Jmin. (50) 

Combining this with Theorem I2.71 IHI we have hJ^{J^i^) C Jmin, for each 
j = 1,2. Hence, 

J((/il,/^2)) C Jmin. (51) 

Since G J(/i2) and /;,i(v^^) = a G J{hs), we obtain 

/ir'(J(/i3))n Jmin 7^0. (52) 

Similarly, by (l42l) and (EH), we obtain 

/l2 ^(J(/l3)) n Jmin ^ 0- (53) 

Combining (HHD, (IS2D, dSSD, and Theorem [2221 we obtain ^{J) = Kq, Jmax = 
Jih), J{G) = Jmax U UneNu{0} ^3"(-'min), and that for any J e J with 
J 7^ Jmax, there exists no sequence {CjjjgN of mutually distinct elements of 
JT such that min2g(7^. (i(2;, J) — as j ^ oo. 

Moreover, by fHTl) and (1^ (or by Theorem l2.21t lH|). the superattracting 
fixed point —1 of hi belongs to int(Jmin)- 

Hence, we have shown the claim. 

Therefore, we have proved Proposition 12.281 □ 



4.5 Proofs of results in 12.51 

In this section, we prove results in section 12.51 

To prove results in 12.51 we need the following notations and lemmas. 

Definition 4.14 (^). Let / :XxC— ^XxCbea rational skew product 
over g : X X. Let X G N. We say that a point (xq, yo) E X x C belongs to 
SHN[f) if there exists a neighborhood U of xq in X and a positive number 
S such that for any x & U, any n G N, any Xn G g^'"'{x), and any con- 
nected component V of {f^^^n)~^{B{yo, 5)), deg(/^.„,„ : V B{yo,5)) < N. 
Moreover, we set UH{f) := (X x C) \ UNenSHN^f). We say that / is semi- 
hyperbolic (along fibers) if UH{f) C F{f). 
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Remark 4.15. Under the above notation, we have UH{f) C P{f)- 

Remark 4.16. Let F be a compact subset of Rat and let / : x C ^ x C 
be the skew product associated with F. Let G be the rational semigroup 
generated by F. Then, by Lemma 13.51 111 it is easy to see that / is semi- 
hyperbolic if and only if G is semi-hyperbolic. Similarly, it is easy to see that 
/ is hyperbolic if and only if G is hyperbolic. 

Lemma 4.17. Let f: XxC^XxCbea polynomial skew product over 
g : X ^ X such that for each u & X , d{uj) > 2. Let x E X be a point and 
Ho £ ^xif) CL point. Suppose that there exists a strictly increasing sequence 
{njjjgN of positive integers such that the sequence {fx,nj}jim converges to a 
non-constant map around yo, and such that limj^oo f"'^{x, yo) exists. We set 
{xoo^Uoo) '■= liiUj^oo /"^ (3;, 2/o)- Then, there exists a non-empty bounded open 
set V in C and a number k E N such that {x^o} x dV C J(/) fl UH(f) C 
J(/) n P{f), and such that for each j with j > k, fx,nj{yo) £ V. 

Proof. We set 

y := G C I 3e > 0, lim sup sup (i(/<;"«(x),n,-n,(05 = 0}- 

j>i d{^,y)<e 

Then, by pi Lemma 2.13], we have {xoo} x dV C J{f) n UH{f) C J(/) n 
P{f)- Moreover, since for each x E X, f^^i is a polynomial with d{x) > 2, 
Lemma implies that there exists a ball B around 00 such that B C C\V. 

From the assumption, there exists a number a > and a non-constant 
map ip : D{yo,a) C such that fx^nj — > as j ^ 00, uniformly on 
D{yQ, a). Hence, d{fx,n,{y), fx^nXv)) ^ as i, j 00, uniformly on D{yQ, a). 
Moreover, since is not constant, there exists a positive number e such 
that for each large z, f^n {D{yo,(^)) ^ DiUoo,^)- Therefore, it follows that 
"i {x),nj—ni (O'O — > as i,j 00 uniformly on D{y^,e). Thus, y^o E V. 
Hence, there exists a number k E N such that for each j > k, fx,nj iuo) G V. 
Therefore, we have proved Lemma [4.171 □ 

Remark 4.18. In [321 Lemma 2.13] and [35, Theorem 2.6], the sequence 
(uj) of positive integers should be strictly increasing. 

Lemma 4.19. Let T be a non-empty compact subset of Polydeg>2- Let f : 
F^ X C — F^ X C 6e the skew product associated with F. Let G be the 
polynomial semigroup generated by F. Let 7 e F^ 6e a point. Let E F^{f) 
and suppose that there exists a strictly increasing sequence {?^j}jeN of positive 
integers such that {f'y,nj}jen converges to a non-constant map around y^. 
Moreover, suppose that G E Q. Then, there exists a number j G N such that 
/,,„^-(2/o)eint(E:(G)). 
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Proof. By Lemma 14.171 there exists a bounded open set \^ in C, a point 
7oo G r^, and a number j G N such that {700} x dV C J(/) nP(/), and such 
that fj,n,iyo) G ■^^^ Then, we have dV C P*(G). Since c/(P*(G)) C P*(G') 
for each g & G, the maximum principle imphes that V C int(-ft'(G)). Hence, 
f-y,nj{yo) ^ int(-ft'(G')). Therefore, we have proved Lemma 14.191 □ 

Lemma 4.20. Let G be a polynomial semigroup generated by a compact 
subset r of Polydeg>2- If (i sequence {gn}n£N of elements of G tends to a 
constant wq G C locally uniformly on a domain V C C, then wq G P{G). 

Proof. Since 00 G P{G), we may assume that wq G C. Suppose wq E C\ 
P{G). Then, there exists a 5 > such that B{wq, 25) C C\P(G). Let z^eV 
be a point. Then, for each large n G N, there exists a well-defined inverse 
branch a„ of g~^ on B{wo, 26) such that a„(5'n(^o)) = -^o- Let B := B{wq, 5). 
Since F is compact, there exists a connected component FooiG) of F{G) 
containing 00. Let C be a compact neighborhood of 00 in Foo{G). Then, we 
must have that there exists a number uq such that q;„(P) fl C = for each 
n > no, since gn —>■ 00 uniformly on C as n cxd, which follows from that 
deg(5'„) — > 00 and local degree at 00 of gn tends to cxo as n — > 00. Hence, 
{c(n\B}n>no IS uormal in P. However, for a small e so that B{zo, 2e) C V, we 
have (yfrilPl-^o, e)) — ^ wo as n ^ 00, and this is a contradiction. Hence, we 
must have that wq G P{G). □ 

We now demonstrate Proposition l2.371 fT| I2.371 l2| and I2.371 IH1 (Proposi- 
tion [2]33IH will be proved after Theorem 12.411 is proved.) 
Proof of Proposition [2:37m ICTrU m and [2:371 131 : Since F \ Fmin is 
not compact, there exists a sequence {/ijjjgN in F \ Fmin and an element 
^00 G Fmin such that hj h^o a.s j 00. By Theorem I2.19tl5bl for each 
j G N, hj{K{hoo)) is included in a connected component Uj of mt{K{G)). 
Let zi G mt{k{G)) (c mt{K{hoo))) be a point. Then, /ioo(-2i) G int(i^(G')) 
and hj{zi) hoo{zi) as j 00. Hence, we may assume that there ex- 
ists a connected component U of mt{K{G)) such that for each j G N, 
hj{K{h^)) C f/. Therefore, ir(/;.oo) = h^{K{h^)) C U. Since U C /s:(/ioo), 
we obtain K{hoo) = U . Since [/ C m.t{K{hoo)) C t/ and U is connected, it 
follows that 'mt{K{hoQ)) is connected. Moreover, we have U C int(i^'(/ioo)) C 
int(C7) c int(i:(G')). Thus, 

ini{K{h^)) = U. (54) 

Furthermore, since 

J{hoo) < J{hj) for each j G N, (55) 
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and hj h^o as j ^ oo, we obtain 

J{hj) J{hao) as i — > oo, (56) 

with respect to the Hausdorff topology. Combining that hj E T \ Fmin for 
each J e N with Theorem l2.19l Ht fl5^ - fl55l) . and fl56|) . we see that for each 
h e r^in, K{h) = K{h^). Combining it with ([MD, dSSD and dSHD, it folfows 
that statements [T] and [2] in Proposition 12.371 hold. 

We now show that statement [3] holds. Let 7 G and let ?/o ^ '^'^^{K^{f)) 
be a point. Suppose that there exists a strictly increasing sequence {njjjgN 
of positive integers such that tends to a non-constant map as j — 00 
around Uq. Then, by Lemma 14.191 there exists a number A; G N such that 
/7,nfe(2/o) e int(it(G)). Hence, the sequence {/^nfe(^),„j^^^_„ J^eN converges to 
a non-constant map around yi := f^^nSVo) ^ int(-ft'(G)). However, combining 
Theorem 12.1 9ll5bl and statements[T]and[2]in Proposition [2321 we have that for 
each h eT, h : mt{K{G)) — ^ int(i^(G)) is a contraction map with respect to 
the hyperbolic distance on int(i^'(G)). This causes a contradiction. Therefore, 
statement [3] in Proposition 12.371 holds. 

Thus, we have proved Proposition OTl fTl 1071 01 and lOTl lHl □ 

We now demonstrate Theorem l2.401 fT] and Theorem I2.40t l2l 
Proof of Theorem l2.401 fT] and Theorem I2.40[ |2t First, we will show the 
following claim. 

Claim 1. Let 7 G R(T, F \ Fmin). Then, for any point yo G F^{f), there exists 
no non-constant limit function of {/7,n}neN around y^. 

To show this claim, by Proposition l2.37t lHl we may assume that F \ T^^^ 
is compact. Suppose that there exists a strictly increasing sequence {^jjjeN 
of positive integers such that f^^n tends to a non-constant map as j ^ 00 
around yo. By Lemma l4.19[ there exists a number k eN such that f-y^nkivo) ^ 
mt{K{G)). Hence, we get that the sequence {/o-"fc(^)_„^^^,_„j.}jgN converges to 
a non-constant map around the point yi := f-y^nkiVo) ^ int(-ft'(G')). However, 
since we are assuming that F \ Fmin is compact. Theorem l2.19H5bl implies 
that Uher\r^-nin^{K{G)) is a compact subset of int(i^(G')), which implies that 
if we take the hyperbolic metric for each connected component of int(-ft'(G)), 
then there exists a constant < c < 1 such that for each z G int(i^(G)) and 
each h E T \ Fmin, we have < c, where || ■ || denotes the norm of the 

derivative measured from the hyperbolic metric on the connected component 
Wi of int (i^(G')) containing z to that of the connected component W2 of 
int(i^(G')) containing h{z). This causes a contradiction, since we have that 
7 G -R(F, F \ Fmin) and the sequence {f„n^i^^)^nk+j-nk}jm converges to a non- 
constant map around the point yi G int{K{G)). Hence, we have shown Claim 
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1. 

Next, let She a. non-empty compact subset of r\rmm and let 7 G R{T, S). 
We show the following claim. 

Claim 2. For each point yo in each bounded component of Fy{f), there exists 
a number n G N such that f-y^niuo) £ mt{K{G)). 

To show this claim, suppose that there exists no n G N such that f-y^niuo) G 
int(i^(G)), and we will deduce a contradiction. By Claim 1, {/-y.njneN has 
only constant limit functions around yo. Moreover, if a point G C is a 
constant limit function of {f\,n}ne'M, then by Lemma 14.201 we must have 
Wq G P*{G) C K{G). Since we are assuming that there exists no n G N such 
that f^^nivo) ^ int(i^(G)), it follows that wq G dK{G). Combining it with 
Theorem 12. 19t l2l we obtain wq G dK{G) C Jmin- From this argument, we get 
that 

d{f^,n{yo), Jmin) ^0, aS ?2 ^ OO. (57) 

However, since 7 belongs to -R(r, S), the above flFTj) implies that the sequence 
{f-y,n{yo)}neN accumulates in the compact set Uhesh^^{Jimn), which is apart 
from Jmin, by Theorem 12.1 9ll5bl This contradicts ( l571) . Hence, we have shown 
that Claim 2 holds. 

Next, we show the following claim. 
Claim 3. There exists exactly one bounded component of F^{f). 

To show this claim, we take an element h G Fmin (Note that Fmin 7^ 0, 
by Proposition I2.23p . We write the element 7 as 7 = (71,72, .. .). For any 
/ G N with / > 2, let G N be an integer with si > I such that 7^, G 5*. 
We may assume that for each I E N, si < For each / G N, let 7' := 
(71, 72, ... , 7..-1, h, h,h,...)e F^ and f := a'^-\^) = (7^,, 7s,+i, • • •) ^ F^. 
Moreover, let p := {h, h,h, . . .) G F^. Since h G Fmin, we have 

Jpif) = Ah) C Jmin- (58) 

Moreover, since 7^^ does not belong to F^in, combining it with Theorem 12. 191 
[5b] we obtain 7^^(t/(G')) fl Jmm = 0- Hence, we have that for each / G N, 

Mf) = %\J^nM) C %\JiG)) C C \ Jmin. (59) 
Combining fl58|) . fl59l) . and Lemma [3.91 we obtain 

Jpif)<Mf)^ (60) 

which implies 

Jy(/) = (/,,.,_i)-l(J,(/)) < {Us,-l)-\Mf)) = Uf)- (61) 
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From Lemma [XI?] and flUTl) . it follows that there exists a bounded component 
of F^{f) such that for each / e N with / > 2, 

Jy(/)Cf/^. (62) 

We now suppose that there exists a bounded component V of F^{f) with 
\^ 7^ [/^, and we will deduce a contradiction. Under the above assumption, 
we take a point y & V. Then, by Claim 2, we get that there exists a number 
/ G N such that f-y^iiy) G int(i^(G')). Since > /, we obtain f^^si~i{y) ^ 
int(ii'(G)) C K{h), where, h G Fmin is the element which we have taken 
before. By fl60l) . we have that there exists a bounded component B of F;yi{f) 
containing K{h). Hence, we have f^^si-iiy) ^ B. Since the map f-y^si-i '■ V 
B is surjective, it follows that V fl {{f-y^si-iy^^Jih))) ^ 0. Combined with 
U,^s,-ir\Jm = U,Ks,-iy\Ah)) = Mf)^ ^e obtain V n Jy(/) ^ 0. 
However, this causes a contradiction, since we have ( l62i) and tZy fl V = 0. 
Hence, we have shown Claim 3. 

Next, we show the following claim. 
Claim 4. dU^ = dA^{f) = J^{f). 

To show this claim, since = mt{K^{f)) , Lemma I3.4t l5] implies that 
dU^ = J-yif). Moreover, by Lemma [3^1M 1 we have dA^{f) = J^{f). Thus, 
we have shown Claim 4. 

We now show the following claim. 
Claim 5. J-y{f) = J-y{f) and the map u Juj{f) is continuous at 7 with 
respect to the Hausdorff topology in the space of non-empty compact subsets 
of C. 

To show this claim, suppose that there exists a point z with z G J-yif) \ 
J'yif)- Since J-^if) \ J-yif) is included in the union of bounded components of 
F-yif), combining it with Claim 2, we get that there exists a number n E N 
such that f'y,n{z) G int(i^(G)) C F{G). However, since z G J-y{f)-, we must 
have that f-y,n{z) = 7T^{f^{z)) G T^ciJif)) = J{G). This is a contradiction. 
Hence, we obtain J-y{f) = J-yif)- Combining it with Lemma [3.41 l2l it follows 
that (jj 1—^ Ju}{f) is continuous at 7. Therefore, we have shown Claim 5. 

Combining all Claims 1, . . . , 5, it follows that statements [T], [211 [20 and 
[2c] in Theorem YTM hold. 

We now show statement [2d] Let 7 G -R(r, S) be an element. Suppose 
that m2{J'y{f)) > 0, where 1712 denotes the 2-dimensional Lebesgue measure. 
Then, there exists a Lebesgue density point b G Jjif) so that 

,.^^m.(C(M)nJ(/))^^^ (63) 

s^o m2{D{h,s)) 

Since 7 belongs to -R(r, S), there exists an element 7oo £ 5' and a sequence 
{njjjgN of positive integers such that rij 00 and 7„^ — > 700 as j 00, 
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and such that for each j G N, 7„. G S. We set bj := f-y^n -i{b), for each 
j G N. We may assume that there exists a point a G C such that bj —>■ a 
as J oo. Since 7n^(&j) = f^,n,{b) = tt^I/"' ( 7, &)) e vrc(J(/)) = J(G), we 
obtain a G 7(^^(</(G')). Moreover, by Theorem 12. 19ll5bt we obtain 



aej^\j{G))cC\J^,r.. (64) 

Combining it with Theorem I2.19l l2l it fohows that 

r := de{a, P{G)) > 0. (65) 

Let e be arbitrary number with < e < j^. We may assume that for each 
j G N, we have bj G Z)(a, |). For each j G N, let ipj be the well-defined 
inverse branch of (/^^„._i)~^ on D{a,r) such that ^jibj) = b. Let V,- : = 
(fj{D{bj,r — e)), for each j G N. We now show the following claim. 
Claim 6. diam V,- — > 0, as j — > 00. 

To show this claim, suppose that this is not true. Then, there ex- 
ists a strictly increasing sequence {jk}keN of positive integers and a pos- 
itive constant k such that for each k E N, diam Vj^ > k. From Koebe 
distortion theorem, it follows that there exists a positive constant Cq such 
that for each k E N, Vj^ D D{b,co). This implies that for each G N, 
f^^vk{D{b,Co)) C D{bj^,r - e), where Vk := rij^ - I. Since f ^ -> 00 as 
k ^ 00 and fy^nlFaaiG) ~* 00 for any 7' G F^, it follows that for any n G N, 
f^^n{D{b,co)) C (C \ Foo{G)), which implies that b G F^{f). However, it 
contradicts b G J-yif)- Hence, Claim 6 holds. 

Combining Koebe distortion theorem and Claim 6, we see that there exist 
a constant > and two sequences {rj}j(=n and {-RjjjeN of positive numbers 
such that K < ^ < 1 and D{b, Vj) C Vj C D{b, Rj) for each j G N, and such 

that Rj — > as j ^ 00. From ( |63l) . it follows that 



li.n '"'<^^f^'^» =0. (66) 

i^oo m2{Vj) 

For each j G N, let ipj : D{0, 1) {pj{D{a, r)) be a biholomorphic map such 
that ipjiO) = b. Then, there exists a constant < Ci < 1 such that for each 
JGN, 

^-\V,)cD{0,c,). (67) 
Combining it with fl66l) and Koebe distortion theorem, it follows that 

lta!=i(^£;«™i^O. (68) 

i^oo m2(V',- [Vj)) 
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Since ^{ipj^D^O, 1)) C D{a, r) for each j G N, combining flU7|) and Cauchy's 
formula yields that there exists a constant C2 > such that for any j e N, 

o V^,.)'(^)l < C2 on iJ-\V,). (69) 
Combining flUSj) and flU^ . we obtain 

m2{D{bj,r - e)) m2{D{bj,r - e)) 

~ m2{^-\V,)) m2(D(6„r-e)) °' 

as j ^ 00. Hence, we obtain 

m2 (/^(&„r-e)n J^.,-i(^)(/)) 

lim — = 1. 

j^oo m2{D{bj,r - e)) 

Since J^nj-i|.^^(/) c J(G') for each j e N, and 6^ — >• a as j — *• 00, it follows 
that 

m2p(a,r-e)n /(G)) ^ ^ 
m2{D{a,r - e)) 

This implies that D{a,r — e) C J{G). Since this is valid for any e, we must 
have that D{a,r) C J{G). It follows that the point a belongs to a connected 
component J of J{G) such that J n P*{G) ^ 0. However, Theorem [211112] 
implies that the component J is equal to Jmin, which causes a contradiction 
since we have (IMI) . Hence, we have shown statement [2d] in Theorem I2.40t [2] 
Therefore, we have proved Theorem l2.40tf T] and Theorem I2.40i [^ □ 

In order to demonstrate Theorem 12 .401 131 we need the following result. 

Theorem 4.21. (XJniform fiberwise quasiconformal surgery j Let f : 

XxC^XxCbea polynomial skew product over g : X ^ X such that 
for each x E X , d{x) > 2. Suppose that f is hyperbolic and that Tr^{P{f)) \ 
{00} is bounded in C. Moreover, suppose that for each x E X , mt{Kx{f)) is 
connected. Then, there exists a constant K such that for each x G X, Jx{f) 
is a K-quasicircle. 

Proof. Step 1: By [32l Theorem 2.14-(4)], the map x ^ Jx{f) is contin- 
uous with respect to the Hausdorff topology. Hence, there exists a posi- 
tive constant Ci such that for each x G X, inf{(i(a, 6) | a G J^{f), b G 
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7r-\{x}) n P*(/)} > Ci, where P*(/) := P(/) \ 7r^^({oo}), and ■) de- 

notes the spherical distance, under the canonical identification 7r"^({x}) = C. 
Moreover, from the assumption, we have that for each x & X, mt{Krc{f)) ^ 0. 
Since X is compact, it follows that for each x E X, there exists an analytic 
Jordan curve (x in K^{f) H F^{f) such that: 

1. 7r^^({a;})nP*(/) is included in the bounded component of 7r~^({x})\ 

Cxi 

2. inf^e^^ d{z, J^(/) U in-\{x}) f] P*(/))) > C2, where C2 is a positive 
constant independent of x G X; and 

3. there exist finitely many Jordan curves ^1, . . . in C such that for 
each X E X, there exists a j with '/r^(Cx) = ^j- 

Step 2: By [351 Corollary 2.7], there exists an n G N such that for each x G 
X, PF,. := D T^, inf{rf(a,6) | a G 91^,, 6 G G X} > 0, 

and mod (Wx \ V^) > C3, where C3 is a positive constant independent of 
X G X. In order to prove the theorem, since Jx{f^) = Jx{f) for each x G X, 
replacing / :XxC— s>XxCby/":XxC^XxC, we may assume 

n = 1. 

Step 3: For each x G X, let cp^ : tt'^Hx}) \ -> tt-^{{x}) \ D{0,1) be 
a biholomorphic map such that (px{x,oo) = (x, 00), under the canonical 
identification 7r~^({x}) = C. We see that (p^ extends analytically over dV^ = 
(x- For each x G X, we define a quasi-regular map hx ■ 7r~^({x}) = C 
^'\{9ix)}) = C as follows: 

'Pg{x)fxfx\z )^ if ^ g Vxi-r^'^ix}) \ Wx), 
hx{z) := { z'^(-), if 2 G D{0,1), 

z), if z e (px{Wx\Vx), 



where hx ■ fx(Wx \ Vx) D{0, |) \ -D(0, {^Y^^'') is a regular covering and a 
ii"o-quasiregular map with dilatation constant Kq independent of x G X. 
Step 4: For each x G X, we define a Beltrami differential fXx{z)^ on 7r^^({x}) = 
C as follows: 



li z e ^x{Wx\Vx) 



■ ■ ■ ^ ^ (hg'^ix) ■ ■ ■ hx)~'^{(Pgm(x){Wgm(^x) \ Vg,n^x))), 

0, otherwise. 



Then, there exists a constant k with < A; < 1 such that for each x G 
X, ||/Xx||oo < fc- By the construction, we have = f^x^, for each 

64 



X G X. By the measurable Riemann mapping theorem {JTT, page 194]), for 
each X G X, there exists a quasiconformal map ip^ • ~^ ^^^({^}) 

such that dz'ipx = fJ'xdz^'x, V'x(O) = 0, ipxi^) = 1, and V'x(oo) = oo, under the 
canonical identification tt~^{{x}) = C. For each x G X, let hx := il'g{x)hx'ipx^ • 
7r~^({x}) ^ '7i~^{{g{x)}). Then, hx is holomorphic on 7i~^{{x}). By the con- 
struction, we see that hx{z) = c{x)z'^^^\ where c{x) = ipg{x)hxipx^{^) = 
il^g{x)hx{l)- Moreover, by the construction again, we see that there exists a 
positive constant C4 such that for each x G X, ^ < < Ci- Fur- 

thermore, pn Theorem 5.1 in page 73] implies that under the canonical 
identification 7r~^({x}) = C, the family {iIj~^}x(^x is normal in C. There- 
fore, it follows that there exists a positive constant C5 such that for each 
X G X, < < C5. Let Jx be the set of non-normality of the se- 

quence {hgm(^xy ■ ■ hx}men in ''^"^{{x}) — C. Since hx{z) = c{x)z'^^^^ and 
< |c(x)| < C5 for each x G X, we get that for each x E X, Jx 
is a round circle. Moreover, jTTl Theorem 5.1 in page 73] implies that 
{i^xyx&x and {tp~^}x(zx are normal in C (under the canonical identification 
7r~^({x}) = C). Combining it with [3^', Corollary 2.7], we see that for each 
X G X, J^'(/) — '^x^ii^x^i'^x)), and it follows that there exists a constant K 
such that for each x G X, Jx{f) is a i^-quasicircle. 

Thus, we have proved Theorem 14.211 □ 

Remark 4.22. Theorem HSU generalizes a result in [23l THEOREME 5.2], 
where O. Sester investigated hyperbolic polynomial skew products / : X x 
C ^ X X C such that for each x G X, d{x) = 2. 

We now demonstrate Theorem I2.401 l3l 
Proof of Theorem I2.40[ l3t First, we remark that the subset Ws^p of is 
a cr-invariant compact set. Hence, / : Ws^p x C — > Ws^^ x C is a polynomial 
skew product over a : Ws^p — ^ W^5,p- Suppose that J(/) fl P{f) 7^ and 
let (7,1/) G J(/) n P{f) be a point. Then, since the point 7 = (71,72, . . .) 
belongs to Ws,p, there exists a number j G N such that -yj G S. Combining 
it with Theorem [239l l5bl and Theorem [239l l2l we have -fj\j{G)) C C \ 

i^(G) C C\P(G'). Moreover, we have that 7i^{f~\-f,y)) = 7r^{f^-\-f,y)) G 
Jai-Hj)if) = (^a^(7)(/)) C 7j^^(J(G')). Hence, we obtain 

n^{7;\l,y))eC\PiG). (70) 

However, since (7,?/) G P(7), we have that 7r^(7^ V,?/)) G TT^{P(f)) C 
P{G), which contradicts flTUl) . Hence, we must have that J(/) fl P{f) = 0. 
Therefore, / : Ws,p x C — ^ ^s,p x C is a hyperbolic polynomial skew product 
over the shift map a : Ws,p Ws,p. 
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Combining this with Theorem I2.40il^ and Theorem 14.211 we conclude 
that there exists a constant Ks^p > 1 such that for each 7 G W^5,p, J-yif) is 
a K^^p-quasicircle. Moreover, by Theorem I2.40ll2cl we have J-yi^f) = J-y{f) = 

Hence, we have shown Theorem I2.40l l3l □ 

To demonstrate Theorem 12.41^ we need the following. 

Lemma 4.23. Let G be a polynomial semigroup generated by a non-empty 
compact set T in Polydeg>2- Suppose that G G Qdis- Then, we have -/^(Gmin.r) = 

k{G). 

Proof. Since Gmin.r C G, we have K{G) C -ft'(G'min,r)- Moreover, it is easy 
to see i^(Gmin,r) = ng6G^i„,r-^(fl')- Let g E Gmin.r and h e T \ T^i^. For 
each a E Tmm, we have q;~^( Jmm(G')) C Jmin(G'). Since '\!,{JminiG)) > 3 
(Theorem 12. 191l5all . Lemma [SUM] implies that J{g) C Jmm(G). Hence, from 
Theorem 12.1 9ll5bl it follows that 

h{J{g)) C int(K(G)) C mt{K{g)). (71) 

Since J{g) is connected and each connected component oiiiat{K{g)) is simply 
connected, the above (1711) implies that h{K{g)) C K{g). Hence, we obtain 
/i(it(G^in,r)) = h{ng^G^,^rK{g)) C ng^G^,^rK{g) = K(G^in,r). Combined 
with that a{K{Gjnm,r)) C K{Guim,r) for each a E Fmin, it follows that for 
each P E G, /3(/'^(Gmin,r)) C i^(Gmm,r)- Therefore, we obtain K{Gram,r) C. 
k{G). Thus, it follows that i^(G„,in,r) = k{G). □ 

Definition 4.24. Let G be a rational semigroup and a positive integer. 
We denote by SH^{G) the set of points z E C satisfying that there exists a 
positive number S such that for each g E G, deg{g : V B{z, 6)) < N, for 
each connected component V of g~^{B{z,6)). Moreover, we set UH{G) := 
C \ UNeNSH^iG). 

Lemma 4.25. Let G be a polynomial semigroup generated by a compact 
subset r ci/Polydog>2- Suppose that G E Qdis and that r\rmin is not compact. 
Moreover, suppose that (a) in Proposition 2.3'7{E holds. Then, there exists 



an open neighborhood U ofV^in in T and an open set U in mt(K(G)) with 
U C int(i^(G)) such that: 

1. UheuKU) C U; 

2. yJheuCV*{h) C U, and 
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3. denoting by H the polynomial semigroup generated by lA, we have that 
P*{H) C mt{K{G)) C F{H) and that H zs hyperbolic. 

Proof. Let Hq G rmin be an element. Let £ := {ip{z) = + 6 | a, 6 G C, |a| = 
1, '?/'( J(/io)) = J(/io)}- Then, by 8 is compact in Poly. Moreover, by [2], 
we have the following two claims: 

Claim 1: If J (/iq) is a round circle with the center 6o and radius r, then 

E = {ip{z) = a{z - bo) + bo \ \a\ = r}. 

Claim 2: If J (ho) is not a round circle, then jjf^ < oo. 

Let zq be the unique attracting fixed point of Hq in C. Let g G Gmin,r- By 
[2], for each n G N, there exists an G £^ such that h^g = ipnQhQ. Hence, 
for each G N, h'Qg^zo) = ipngho^zo) = ipng^zo). Combining it with Claim 1 
and Claim 2, it follows that there exists an n G N such that h^lglzo)) = zo- 
For this n, g{zo) = tp-'^{h'S{g{zo))) = ip'^izo) G U^^sj^jzo ). Combining it 
with Claim 1 and Claim 2 again, we see that the set C := ^geCminridi^o)} 
is a compact subset of mt{K{G)). Let dn be the hyperbolic distance on 
mt{K{G)). Let i? > be a large number such that setting U := {z E 
int(i^(G)) I min ggc dn jz, a) < R}, we have Liher^inCV*{h) C U. Then, for 
each h G Fmin! h{U) C U. Therefore, there exists an open neighborhood 
U of Fmin in F such that Uh(^uh{U) C U, and such that Uh£uCV*{h) C 
U. Let H be the polynomial semigroup generated by U. From the above 
argument, we obtain P*{H) = UgeHCV*{g) C Ug^Hu{id}g {l^heuCV*{hj) C 
^g£Hu{id}g{U) C U C mt{K{G)) C F{H). Hence, H is hyperbohc. Thus, we 
have proved Lemma [4.251 □ 

We now demonstrate Theorem 12.411 
Proof of Theorem I2.41t Suppose that Gmin,r is semi-hyperbolic. We will 
consider the following two cases: 
Case 1: F \ Fmin is compact. 
Case 2: F \ Fmin is not compact. 

Suppose that we have Case 1. Since UH{Ginin,v) C P{G-ra:in,v), Cmin.r G 
and Gmin.r is semi-hyperbolic, we obtain ?7if(G'mm,r) H C C -F(Gmin,r) H 



K{Grr,in,v) =int(i^(Gmin,r))- By Lemma SSI we have i^(G'mm,r) = K{G). 



Therefore, there exists a positive integer and a positive number 6 such 
that for each z G Jmin(G) and each h G Gmin,r, we have 



Hence, we obtain 



UH{G^^,r) n C C int(ir(G')) C C \ J^iAG). 



(72) 



deg(/i : V D{z,6)) < N, 



(73) 
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for each connected component V of h ^{D{z, 6)). Moreover, combining Theo- 
rem EHMlb] and Theorem we obtain Uaer\r^,^a~\J^in{G))nP*{G) = 
0. Hence, there exists a number 6i such that for each 
z G Uaer\rn^inCi~^{Jmm{G)) and each /5 G G U {Id}, 

deg{P:W ^D{z,6i)) = l, (74) 

for each connected component W of P~^{D{z, 6i)). For this Si, there exists a 
number ^2 > such that for each z G Jmin(G') and each a G F \ T^i^, 

diam B < 6i, deg(Q; : B D{z, 62)) < max{deg(a) | a G F \ Fmm} (75) 

for each connected component B of a~^{D{z,62))- Furthermore, by [32l 
Lemma 1.10] (or [33j), we have that there exists a constant < c < 1 
such that for each z G Jmin(G), each h G Gminj U {Id}, and each connected 
component V of h~^{D{z,cS)), 

diam V < 62- (76) 

Let g E G he any element. 

Suppose that g G Gram,r- Then, by (!73|) . for each z G t/min(G'), we 
have deg{g : — >^ i5(2;,c5)) < N, for each connected component V of 
(7-i(D(2,c5)). 

Suppose that g is of the form g = h o a o g^, where h G Gmin.r U {Id}, 
a G F \ Fmin, and g^ E GU {Id}. Then, combining (17il) . ( fTSl) . and ( 1761) . we 
get that for each z G Jmm(G'), deg((7 : W — > 1^(^,05)) < ■ max{deg(a) | 
a G F \ Fmin}, for each connected component W of g~^{D{z, c6)). 

From the above argument, we see that Jmin(G') C SH^i^G), where A^' := 
■ max{deg(a;) | a G F \ Fmin}. Moreover, by Theorem I2.191 l2l we see that 
for any point z G J{G) \ Jmm(G), z G SIIi{G). Hence, we have shown that 
J{G) C C \ UH{G). Therefore, G is semi-hyperbolic, provided that we have 
Case 1. 

We now suppose that we have Case 2. Then, by Proposition I2.37[ we 
have that for each h G Fmm, K{h) = K{G) and mt{K{h)) is non-empty and 
connected. Moreover, for each h G Fmm, int(i^(/;.)) is an immediate basin of 
an attracting fixed point Zh G C. Let U be the open neighborhood of Fmin 
in F as in Lemma 14.251 Denoting by H the polynomial semigroup generated 
by U, we have P*{II) C int(i^(G')). Therefore, there exists a number 6 > 
such that 

D{J{G),5)CC\P{H). (77) 

Moreover, combining Theorem I2.19ll5bl and that F \ W is compact, we see 
that there exists a number e > such that 

U a-i(I^(Jmm(G),e))cAo, (78) 

a£r\U 
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where Aq denotes the unbounded component of C \ Jmin(G). Combining it 
with Theorem 12.191 121 it follows that there exists a number 5i > such that 



dI [j a~\D{J^,,,{G),e)), 6^\ cC\P{G). (79) 
\aer\w / 

For this 6i, there exists a number ^2 > such that for each a G F \ W and 
each X E D{Jmm{G), e), 

diam B < Si, deg(a : B D{x, 82)) < max{deg(/3) \p eT\U} (80) 

for each connected component B of a^^{D{x, S2))- By Lemma [3. Ill and ( 177j) . 
there exists a constant c > such that for each h E H and each z E Jmin{G), 

diam V < min{52, e}, (81) 

for each connected component V of h'^{D{z, c6)). Let z E Jmin(G') and g E G. 
We will show that ^ G C \ UH{G). 

Suppose that g E H. Then, ( I77|) implies that for each connected compo- 
nent V of g-^{D{z,c6)), deg{g : V D{z,c6)) = 1. 

Suppose that g is of the form g = h o a o g^, where h E H U {Id}, a E 
T\U,go E GU {Id}. Let be a connected component of g^^{D{z, c6)) and 
let Wi := goiW) and V := a{Wi). Let zi be the point such that {2:1} = 
V n h-^{{z}). If zi G C \ L'(J„in(G'),e), then, by §2) and Theorem EH 
El V C D{zi,e) C C \ P{G). Hence, deg(a o g^ : W ^ V) = 1, which 
implies that deg(^ : W D{z,c5)) = 1. If zi E D{Jrain{G), e), then by (IHTi), 
C -D(-2i, 52). Combining it with ( 1791) and ( IHOi) . we obtain deg(Q; o : 14^ — 
K) = deg(a ■.Wi^V)< max{deg(/?) | /5 G F \ W}. Therefore, deg(^ : W 
D{z,c5)) < max{deg(/5) \I3eT\U}. Thus, Jinin(G') C C \ UH{G). 

Moreover, Theorem YnM 2\ implies that J{G) \ J^n^G) C C \ P(G) C 
C \ ?7iJ(G). Therefore, J{G) C C \ [///(G), which implies that G is semi- 
hyperbolic. 

Thus, we have proved Theorem 12.411 □ 

We now demonstrate Theorem 12.421 
Proof of Theorem I2.42t We use the same argument as that in the proof 
of Theorem 12.411 but we modify it as follows: 

1. In ([72]), we replace UH{G^ir,,r) n C by P*(Gmm,r). 

2. In fl7H|) . we replace by 1. 
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3. We replace (1731) by the following fl7^ ' diam B < 6i, deg(a : B 
Diz,S2)) = l. 

4. We replace ([80]) by the following ([80])' diam B < 6i, deg(a : B 
D{x,62)) = 1. (We take the number e > so small.) 

With these modification, it is easy to see that G is hyperbolic. 

Thus, we have proved Theorem 12.421 □ 



We now demonstrate Proposition I2.37M 1 
Proof of Proposition [2. 371 l4t Suppose that (a) in Proposition l2.37t l2]holds. 
By Lemma 14.251 Gmin,r is hyperbolic. Combining it with Theorem 12.411 it 
follows that G is semi-hyperbolic. Thus, we have proved Proposition 12.371 - 
H □ 
To demonstrate Theorem 12.441 we need the following proposition. 

Proposition 4.26. Let f: XxC^XxC be a semi-hyperbolic polynomial 
skew product over g : X ^ X. Suppose that for each x & X , d{x) > 2, and 
that 7Ci^{P{f)) nC is bounded in C. Let uj & X be a point. If'mi[K^[f)) is a 
non-empty connected set, then Ju){f) is a Jordan curve. 

Proof. By [3^ Theorem 1.12] and Lemma [3.61 we get that the unbounded 
component A^^^f) of F^{f) is a John domain. Combining it, that v4^(/) is 
simply connected (cf. Lemma [3l6l) . and [21], page 26], we see that Juj{f) = 
d{A^{f)) (cf. Lemma [3^ is locally connected. Moreover, by Lemma [3^4l l5l 
we have d{mt{K^{f))) = Juj{f)- Hence, we see that C \ Juj{f) has exactly 
two connected components A^{f) and int(i^'^(/)), and that Jaj(/) is locally 
connected. From [221 Lemma 5.1], it follows that J^yif) is a Jordan curve. 
Thus, we have proved Proposition 14.261 □ 

We now demonstrate Theorem 12.441 
Proof of Theorem \2A^ Let 7 e R{T, T \ Pmin) and y G mt{K^{f)). Com- 
bining Theorem 12 .40t fT] and [321 Lemma 1.10], we obtain liminf^^oo d{f'y,n{y), 
J{G)) > 0. Combining this with Lemma r4.20l and Theorem 12 . 401 fTl we see that 
there exists a point a G P*{G) nF{G) such that liminf^^oo d{f-y^n{y), «) = 0. 
Since P*{G) fl F{G) C int(i^(G')), it follows that there exists a positive in- 
teger / such that 

f,,i{y) G mtik{G)). (82) 

Combining (l82l) and the same method as that in the proof of Claim 3 in the 
proof of Theorem 12 . 401 fT] and Theorem 12.401 121 we get that there exists exactly 
one bounded component of F^{f). Combining it with Proposition I4.26[ it 
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follows that J-y{f) is a Jordan curve. Moreover, by [3^ Theorem 2.14-(4)], 
we have J-yif) = J-yif)- 

Thus, we have proved Theorem 12.441 □ 

We now demonstrate Theorem 12.451 
Proof of Theorem 12. 45t Let V be an open set with J{G)r]V ^ 0. We may 
assume that V is connected. Then, by Theorem 13. 2^ there exists an element 
«! G G such that J{a\)^V ^ 0. Since we have G G Qdis^ Theorem 12.11 implies 
that there exists an element 0:2 G G such that no connected component J 
of J{G) satisfies J(ai) U J(a2) C J. Hence, we have {ai^a^) G Qdis- Since 
J(ai) n y 7^ 0, combined with Lemma I3.4t l^ we get that there exists an 
/o G N such that for each / with / > /q; J{oi2(y''i) fl 7^ 0. Moreover, since 
no connected component J of J{G) satisfies J{ai) U 7(0:2) C J, Lemma [3^ 
[2] implies that there exists an /i G N such that for each / with I > h, 
J{a2a[) n J{aia2) = 0. We fix an / G N with / > max{Zo, ^i}. We now show 
the following claim. 

Claim 1. The semigroup Hq := (0201,0:102) is hyperbolic, and for the skew 
product / : Fq X C ^ Fq X C associated with Fq = {020^^, O1O2}, there exists 
a constant K > 1 such that for any 7 G Fq , J^{f) is a ii"-quasicircle. 

To show this claim, applying Theorem 12.401 131 with F = {01,02}, 5* = 
r \ Fmin, and p = 2/ + 1, we see that the polynomial skew product / : 
Ws,2i+i X C ^ Ws,2i+i X C over a : Ws,2i+i W^5,2Z+i is hyperbolic, and 
that there exists a constant K > 1 such that for each 7 G ^^5,2/+!, J-rif) 
is a i^'-quasicircle. Moreover, combining the hyperbolicity of / above and 
Remark 14.161 we see that the semigroup Hi generated by the family {oj^ o 
■ ■ ■ o aj^^^ \ 1 < 3ki < I + 1 with jk, = 1,1 < 3k2 < I + I with jk^ = 2} 
is hyperbohc. Hence, the semigroup Hq, which is a subsemigroup of Hi, is 
hyperbolic. Therefore, Claim 1 holds. 

We now show the following claim. 
Claim 2. We have either J{a2a{) < J(oi02), or 7(0103) < J(o20i). 

To show this claim, since J(o20i) fl 7(0103) = and Hq G Q, combined 
with Lemma [3.91 we obtain Claim 2. 

By Claim 2, we have the following two cases. 
Case 1. J(o20i) < J(oi02). 
Case 2. 7(0103) < J(o20i). 

We may assume that we have Case 1 (when we have Case 2, we can 
show all statements of our theorem, using the same method as below). Let 
A := i^'(oi02)\ int(i^'(o20i)). By Claim 1, we have that 7(0103) and J(o20i) 
are quasicircles. Moreover, since Hq G Qdis and Hq is hyperbolic, we must 
have P*{Ho) C int(-ft'(o20i)). Therefore, it follows that if we take a small 
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open neighborhood U of A, then there exists a number n E N such that, 
setting hi := {a2a[)"' and /i2 := (0102)", we have that 

/ir^(f7) U h^^U) C f/ and h^\U) n /^a ^(t^) = 0- (83) 

Moreover, combining Lemma 137^1 12] and that J{hi)r\V 7^ 0, we get that there 
exists ak eN such that J{h2h'l) n F 7^ 0. We set gi := h'l^^ and g2 ■= h2h\. 
Moreover, we set H := {gi,g2)- Since if is a subsemigroup of Hq and Hq 
is hyperbohc, we have that H is hyperbohc. Moreover, flS^ imphes that 
5f]"^(F) U g2^(U) C f/ and n g2^{U) = 0. Hence, we have shown that 

for the semigroup H = {gi,g2), statements fT|2l and [3] in Theorem 12.451 hold. 

From statement [2] and Lemma l3.H l6l we obtain J{H) C U and gi^{J{H))r\ 
g2^{J{H)) = 0. Combining this with Lemma [3. 1| |2] and Lemma [3.5l l2| it fol- 
lows that the skew product / : x C — x C associated with Fi = {gi,g2} 
satisfies that J{H) is equal to the disjoint union of the sets {^7(/)}-^gr^- 
Moreover, since H is hyperbolic, [32!, Theorem 2.14-(2)] implies that for each 
7 e F^, J-yi^f) = J-yif)- In particular, the map 7 1-^ J-yif) from F^ into the 
space of non-empty compact sets in C, is injective. Since J-y{f) is connected 
for each 7 G F^ (Claim 1), it follows that for each connected component J of 
J{H), there exists an element 7 G F^ such that J = J^yif). Furthermore, by 
Claim 1, each connected component J of J{H) is a i^'-quasicircle, where K is 
a constant not depending on J. Moreover, by [321 Theorem 2.14-(4)], the map 
7 J-yif) from F^ into the space of non-empty compact sets in C, is contin- 
uous with respect to the Hausdorff topology. Therefore, we have shown that 
statements iigblllEl and |4d] hold for H = (c/1,^2) and / : F^ x C ^ F^ x C. 

We now show that statement He] holds. Since we are assuming Case 
1, Proposition 12.231 implies that {/ii, /i2}mm = {^i}- Hence J{gi) < J{g2)- 
Combining it with Proposition 12.231 and statement l4bl we obtain 

J{gi) = JraUH) and J{g2) = J^UH). (84) 

Moreover, since J{gi) = J{a2(y[), J{a2a{) fl V 7^ 0, J{g2) = -^(^2^1), and 
J(/i2/i?) n K ^ 0, it follows that 

J^UH) n r ^ and J„,ax(^) n V ^ 0. (85) 

Let 7 G F^ be an element such that J^(/) n {JmUH) U Jm^^{H)) = 0. By 
statement |4bl we obtain 

J^UH) < Mf) < Jm..{H). (86) 



Since we are assuming V is connected, combining ( ]85l) and ( ]86l) . we obtain 
J-yif) n \^ 7^ 0. Therefore, we have proved that statement He] holds. 
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We now show that statement Upholds. To show that, let uj = {001,002, ■ ■ ■) & 
be an element such that tl({j G N | cjj = gi}) = G N | tUj = 

92}) = 00. For each r G N, let 00''" = {ur,i,0Or,2, ■ ■ ■) G be the element 
\ OOr j = OOj (1 < j < r), 

such that < ' Moreover, let p = (pr 1, Pr 2, • • •) G 

[urj = gi [j >r + 1). 

F^ be the element such that \ ^'''^ ~ C^^^ <r), QQ^^^jning 

(pr,j = 92 (j > r + 1). 
statement HaJ and statement HB, we see that for each r G N, J{gi) < 
Ja^{u}){.f) < J{.92)- Hence, by Theorem 12 .71 1^1 we get that for each r G N, 
{Urr\J{9i)) < iUr' < iU)-\Ji92)), where Uiv) = 

'^Cifi^^y))- Since we have (/a;,r)"H'^(fi'l)) = JoJ-if)^ U^^rY^ {Ja-{c,)if)) = 

Juj{f), and {fuj,ry^{J{g2)) = Jp-if), it follows that 

JAf) < Uf) < JAf)^ (87) 

for each r G N. Moreover, since cu'^ — > and p'" — > in F^ as r ^ 00, 
statement Hdl implies that Juj^{f) JujW) ^"^^ Jp'if) ^ Jcoif) as r ^ 00, 
with respect to the Hausdorff topology. Combined with flHTl) . statement |4b] 
and statement Hcl we get that for any connected component W of F{H), 
we must have dW fl J<^(/) = 0. Since F{G) C F{H), it follows that for any 
connected component W of F{G), dW fl Ju){f) = 0- Therefore, we have 
shown that statement HJ holds. 

Thus, we have proved Theorem 12.451 □ 



4.6 Proofs of results in 2.6 



In this section, we demonstrate Theorem I2.48[ We need the following nota- 
tions and lemmas. 

Definition 4.27. Let h he a, polynomial with deg(/i) > 2. Suppose that 
J{h) is connected. Let be a biholomorphic map C\ -D(0, 1) Foo{h) with 
ipiyOo) = 00 such that tp~^ oho ip{z) = z^'^^^^\ for each z G C \ -D(0, 1). (For 
the existence of the biholomorphic map ip, see [T9l Theorem 9.5].) For each 
6 G dD{0, 1), we set T{6) := ip{{r6 | 1 < r < 00}). This is called the external 
ray (for K{h)) with angle 6. 

Lemma 4.28. Let h be a polynomial with deg{h) > 2. Suppose that J{h) is 
connected and locally connected and J{h) is not a Jordan curve. Moreover, 
suppose that there exists an attracting periodic point of h in K{h). Then, for 
any e > 0, there exist a point p G J{h) and elements 61,62 ^ dD{0, 1) with 
61 7^ ^2; such that all of the following hold. 
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1. For each i = 1,2, the external ray T{6i) lands at the point p. 

2. Let V\ and V2 the two connected components ofC \ {T{6i) \JT{62) U 
{p})- Then, for each i = 1,2, Vi H J{h) 7^ 0. Moreover, there exists an 
i such that diam {Vi fl K(h)) < e. 

Proof. Let : C\D{0, 1) — Foo{h) be a biholomorphic map with ■?/'(oo) = 00 
such that for each ^ e C \ dD{fd^V)^ir^ oho tjj{z) = 2deg(/x)_ gince J{h) is 
locally connected, the map ip : C\D{Q, 1) — > F^oih) extends continuously over 
dD(0, 1), mapping dD(0, 1) onto J{h). Moreover, since J{h) is not a Jordan 
curve, it follows that there exist a point po G J{h) and two points to,ij^o,2 G 
dD{(}, 1) with to,i 7^ ^0,2 such that two external rays T(to,i) and T(to,2) land 
at the same point Pq. Considering a higher iterate of h if necessary, we may 
assume that there exists an attracting fixed point of h in mt{K{h)). Let 
a e mt(K(h)) be an attracting fixed point of h and let U be the connected 
component of mt{K(h)) containing a. Then, there exists a critical point c eU 
of h. Let Vo be the connected component of C\(T(ti)UT(t2)U{po}) containing 
a. Moreover, for each n G N, let be the connected component of (/i")~^(Vo) 
containing a. Since c & U, we get that for each n G N, c G Vn. Hence, setting 
e„ := deg(/i" : y„ — > V^)), it follows that 

e„ ^ 00 as n ^ 00. (88) 

We fix an n G N satisfying e„ > d, where d :— deg{h). Since deg(/i" : 
KnFoo(/i) ^ VJ)nFoo(/i.)) = deg(/i" : I4 ^ K)), we have that the number of 
connected components of VnClFooih) is equal to e„. Moreover, every connected 
component of fl F^{h) is a connected component of {h"-)~^{Vo fl Foo{h)). 
Hence, it follows that there exist mutually disjoint arcs ^1,^2, ■ ■ ■ ,Ce„ in C 
satisfying all of the following. 

1. For each j, h'^{Q = (T(ti) U T{t2) U {po}) n C. 

2. For each j, U {00} is the closure of union of two external rays and 

U {00} is a Jordan curve. 

3. = 6 U • • • U U {00}. 

For each j = 1, . . . , e„, let be the connected component of C \ (^j U {00}) 
that does not contain Vn- Then, each Wj is a connected component of C\T4. 
Hence, for each {i,j) with i ^ j, Wi fl Wj = 0. Since the number of critical 
values of /i in C is less than or equal to c? — 1, we have that < J < e„ | 
Wj n CV{h) = 0}) > e„ — (c? — 1). Therefore, denoting by uij the number of 
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well-defined inverse branches of h ^ on Wj, we obtain 

en 

^^Mij > d{en — {d — 1)) > d. 
i=i 

Inductively, denoting by Uk,j the number of well-defined inverse branches of 
{h^)~^ on Wj^ we obtain 

en 

^ Mfcj > - (rf - 1)) > rf, for each e N. (89) 
i=i 

For each G N, we take a well-defined inverse branch C^^ of {h^)~^ on a domain 
IVj, and let := Cfc(W^j)- Then, : Wj is biholomorphic. Since 

is the closure of finite union of external rays and h^^^ maps each connected 
component of (c}Bfc)nC onto (T(ti)UT(i(:2)U{po})nC, Bk is a Jordan domain. 
Hence, : B^ ^ Wj induces a homeomorphism dB^ = dWj. Therefore, dB^ 
is the closure of union of two external rays, which implies that Bj. fl F^{h) 
is a connected component of {h'')~^{Wj fl Foo{h)). Hence, we obtain 

/ (^ip-^iBkOF^ih)) n dD{0, 1)) ^ as A; ^ oo, (90) 

where /(■) denotes the arc length of a subarc of dD{0,l). Since ip : C \ 
D{0, 1) — * Foo(/i) extends continuously over (9D(0, 1), fl90l) implies that diam 
(-Bjt n J(/i)) ^ as A; ^ cxd. Hence, there exists a. k E N such that diam 
{Bk n ir(/i)) < e. Let 6*1, 6*2 G (9^(0,1) be two elements such that dBk = 
T{9i) U T{92). Then, there exists a point p G J{h) such that each T{9i) lands 
at the point p. By [191 Lemma 17.5], any of two connected components of 
C \ (T(^i) U r(02) U {p}) intersects J{h). 

Thus, we have proved Lemma 14.281 □ 

Lemma 4.29. Let G be a polynomial semigroup generated by a compact 
subset r o/Polydeg>2- Let / : x C — > x C be the skew product associated 
with the family F. Suppose G G Qdis- Let m G N and suppose that there 
exists an element {hi, ... , hm) G F"^ such that setting h = h^ o ■ ■ ■ o hi, 
J{h) is connected and locally connected, and J{h) is not a Jordan curve. 
Moreover, suppose that there exists an attracting periodic point of h in K{h). 
Let a = («!, a2, . . .) G F^ be the element such that for each A;, / G N U {0} 
with 1 < I < m, akrn+i = hi. Let po E T \ Fmm be an element and let 
P = {pQ,ai,a2,. . .) G F^. Moreover, let : C \ D{0,1) A^(/) be a 
biholomorphic map with ipp{oo) = oo. Furthermore, for each 9 G dD{0, 1), 
let Tp{9) = iljj3{{r9 | 1 < r < oo}). Then, for any e > 0, there exist a point 
p G J/3{f) and elements 9i,92 G dD{0, 1) with 9i ^ 92, such that all of the 
following statements 1 and 2 hold. 
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1. For each i = 1,2, Tp^Oi) lands at p. 

2. Let Vi and V2 be the two connected components o/C\ (T^(^i) UT^(6'2) U 
{p})- Then, for eachi = 1,2, ViClJ^lf) 7^ 0. Moreover, there exists ani 
such that diam {Vir]Kf3{f)) < e and such that l^ifl Ja(/) C pg ^(J(G)) C 
C\P{G). 

Proof. We use the notation and argument in the proof of Lemma r4.28[ Taking 
a higher iterate of h, we may assume that d := deg{h) > deg(po)- Then, from 
(l89l) . it follows that for each G N, we can take a well-defined inverse branch 
(k of {h^)~^ on a domain Wj such that setting := Ck{Wj), does not 
contain any critical value of po- By f lUU]) . there exists a G N such that diam 
{Bk n J{h)) < e', where e' > is a small number. Let i? be a connected 
component of pQ^{Bk). Then, there exist a point p G Jpif) and elements 
9i,92 G dD{0, 1) with 9i 7^ 62 such that for each i = 1,2, Tp{6i) lands at p, 
and such that i? is a connected component of C\(T^(^i)UT^(^^2)U{p}). Taking 
e' so small, we obtain diam {B fl Kj3{f)) = diam {B fl J/^if)) < e. Moreover, 
since po G F \ Fmin, combining Theorem I2.191 l2l and Theorem 12. 19115 bl we 
obtain Jf3{f) = Po\Jih)) C Po\JiG)) C C \ P{G). Hence, B n J/sif) C 
Po ^(J(G)) C C \ P{G). Therefore, we have proved Lemma F4.29[ □ 

Lemma 4.30. Let f: XxC^XxCbea polynomial skew product over 
g : X ^ X such that for each x E X , d{x) > 2. Let 'y E X be a point. 
Suppose that J-f{f) is a Jordan curve. Then, for each n G N, Jgn(^^){f) is a 
Jordan curve. Moreover, for each n G N, there exists no critical value of f^^n 
in Jg«(^){f). 

Proof. Since {f^^i)~^{Kg(^^){f)) = K^{f), it follows that int(-ft'g(^)(/)) is a 
non-empty connected set. Moreover, Jg('y){f) = f-y^iiJ-yif)) is locally con- 
nected. Furthermore, by Lemma IS^^l Hl and Lemma 13^41 151 d{mt{Kg(^^){f))) = 
9(y4g(^)(/)) = Jg{-y){f)- Combining the above arguments and |22j, Lemma 5.1], 
we get that Jg{-y){f) is a Jordan curve. Inductively, we conclude that for each 
n G N, Jg"{^){f) is a Jordan curve. 

Furthermore, applying the Riemann-Hurwitz formula to the map „ : 
int(i^^^(/)) int(i^^c,n(^)(/)), we obtain 1 + p = deg(/^_„), where p denotes 
the cardinality of the critical points of /^,„ : int(-ft'^(/)) int {Kgn(^^^{f)) 
counting multiplicities. Hence, p = deg(/^ „) — 1. It implies that there exists 
no critical value of in Jgn(^^^{f). □ 

Lemma 4.31. Let f : X x <C ^ X x C be a polynomial skew product over 
g : X X such that for each x G X, d{x) > 2. Let p > be a number. 
Then, there exists a number 6 > such that the following statement holds. 
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• Let uj E X he any point and p G Juj{f) o-ny point with min{|p — h\ \ 
{uj,b) G P{f),b G C} > /i. Suppose that J^{f) is connected. Let ip : 
C \ D{0, 1) Auj{f) be a biholomorphic map with il){oo) = oo. For 
each e G dD{Q, I), let T{e) = ij{{r9 | 1 < r < oo}). Suppose that there 
exist two elements 61,62 G dD{0, 1) with 61 7^ 62 such that for each i = 
1, 2,, T{6i) lands at p. Moreover, suppose that a connected component 
VofC\ {t{6i) U T{62) U {p}) satisfies that dzam {V n KM)) < 
Furthermore, let '-y E X be any point and suppose that there exists a 
sequence {nk}km of positive integers such that g"'''{'~f) —>■ uj as k —>■ 00. 
Then, JM) ^■^ ™^ ^ quasicircle. 

Proof. Let /i > 0. Let i? > with n^iJif)) C D{0, R). Combining LemmaEH] 
and Lemma I3.4t l3l we see that there exists a > with 

< So < ^ min{infa;gx diam Jx{f),fi} such that the following statement 
holds: 

• Let X G X be any point and n G N any element. Let p G D{0,R) 
be any point with min{|p — b\ \ {g"'{x),b) G P{f),b G C} > /i. Let 
(f) : D{p,fi) ^ C be any well-defined inverse branch of {fx,n)~^ on 
D{p,fi). Let A be any subset of D{p, ^) with diam A < 60. Then, 

diam 0(A) < inf diam J^(/). (91) 

10 xi^X 

We set 6 := jqSq. Let u E X and p G Jij{f) with min{|p — b\ \ {uj,b) G 
P{f),b G C} > /i. Suppose that Jui{f) is connected and let '■ C\D{0, 1) 
Auj{f) be a biholomorphic map with -0(00) = 00. Setting T{6) := ilj{{r6 \ 

1 < r < 00}) for each 6 G dD{0, 1), suppose that there exist two elements 
61,62 G dD{0, 1) with 61 ^ 62 such that for each i = 1,2, T{6i) lands at p. 
Moreover, suppose that a connected component V of C\ (T(^i) UT(6'2) U {p}) 
satisfies that 

diam(\/nii'^(/)) < (5. (92) 

Furthermore, let 7 G X and suppose that there exists a sequence {nk}km 
of positive integers such that (7'^'= (7) — u; as — > cxd. We now suppose that 
J^(/) is a quasicircle, and we will deduce a contradiction. Since 5'"'=(7) — > oj 
as /c — > 00, we obtain 

m.&y.{de{b, KM)) I ^ ^ Jg"k(j){f)} — as /c ^ cxd. (93) 

We take a point a E V (1 JM) ^^'i i^- -^y Lemma f3.4t l2l there exists a 
number kf) E'H such that for each k > kg, there exists a point satisfying 
that 

y.e J,..(,)(/)nD(a,^^). (94) 
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Let V be the connected component of C\ (T(^i) UT(e2) U {p}) with V ^ V. 
Then, by [T^ Lemma 17.5], 

V n Uf) ^ 0. (95) 

Combining flU^ and Lemma [3.4i l^ we see that there exists a ki{> k^) G N 
such that for each k > ki, 

V^'nJ3".(^)(/)^0. (96) 

By assumption and Lemma 14.301 for each k > ki, Jg''k(-y){f ) is a Jordan curve. 
Combining it with flMl) and flUUj) . there exists a fc2(> ^i) G N satisfying that 
for each k > ^2, there exists a smallest closed subarc of Jg"'k{-y){f) = 5"^ 
such that e ^k, C V, tl(^fc H (T(^i) U T(e2) U {p})) = 2, and such that 
7^ Jg"k{'y){f)- For each k > k2, let t/fc,i and ?/fc_2 be the two points such that 
{yk,i,yk,2} = ^fc n (T(^i) U r(^2) U {p}). Then, '(El implies that 

yk,i ^ p as oo, for each i = 1,2. (97) 

Combining that C U {yk,i, yk,2}, ( |93i) - and ( l92l) . we get that there exists 
a A;3(> ^2) € N such that for each k > k^, 

diam a < (98) 

Moreover, combining and (!97|) . we see that there exists a constant C > 
such that 

diam > C. (99) 

Combining (1971) . (1981) . and (1991) . we may assume that there exists a constant 
C > such that for each A; G N, 

C < diam ^k<j and ^ C D(p, 5o). (100) 

By Lemma [4.301 each connected component v of {f'y,nk)~^i^k) is a subarc of 
J-yif) — s-^d /-^,„j. : f — > ^fc is a homeomorphism. For each A; G N, let 
Afc be a connected component of {f-^/,nk)^^{^k), and let Zk,i,Zk^2 G be the 
two endpoints of such that f-y,nk{zk,i) = yk,i and f-y,nk{zk,2) = yk,2- Then, 
combining (PTI) and fllOOl) . we obtain 

diamAfe < diam (J-yif) \ \k), for each large A; G N. (101) 

Moreover, combining (!97j) . f llOOp . and Koebe distortion theorem, it follows 
that 

diam A^ 

00 as A; 00. (102) 



\ZkA — 2fc,2 
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Combining fllOip and fll02p . we conclude that J^{f) cannot be a quasicircle, 
since we have the following well-known fact: 

Fact ([171 Chapter 2]): Let ^ be a Jordan curve in C. Then, ^ is a quasicircle 
if and only if there exists a constant K > such that for each ,21,-22 G ^ 

with zi 7^ Z2, we have '^^^j^^^^^''^^-' < K, where X{zi, Z2) denotes the smallest 
closed subarc of ^ such that zi,Z2 G A(zi, Z2) and such that diam \{zi, Z2) < 
diam \ A(2;i,2;2)). 

Hence, we have proved Lemma F4.31[ □ 

We now demonstrate Theorem 12.481 111 
Proof of Theorem [27481 ^ Let 7 be as in Theorem [2381111 Then, by 
Theorem 12. 44^ J^{f) is a Jordan curve. Moreover, setting h = o ■ ■ ■ o hi, 
since h is hyperbolic and J{h) is not a quasicircle, J{h) is not a Jordan curve. 
Combining it with Lemma [4.311 and Lemma [4.281 it follows that Jj{f) is not 
a quasicircle. Moreover, A^{f) is a John domain (cf. [35|, Theorem L12]). 
Combining the above arguments with pTl, Theorem 9.3], we conclude that 
the bounded component of F^{f) is not a John domain. 

Thus, we have proved Theorem 12. 481 111 □ 

We now demonstrate Theorem I2.481 l2l 
Proof of Theorem [27481 121: Let po,/5,7 be as in Theorem KWM By 
Theorem 12.441 J^{f) is a Jordan curve. By Theorem I2.191 [31 we have 7^ 
mt{K{G)) C mt{K{h)). Moreover, h is semi-hyperbolic. Hence, h has an 
attracting periodic point in K{h). Combining Lemma [4.311 and Lemma [4.291 
we get that J-yif) is not a quasicircle. Combining it with the argument in 
the proof of Theorem 12.481 111 it follows that A^{f) is a John domain, but the 
bounded component of Fy{f) is not a John domain. 

Thus, we have proved Theorem 12.481 121 □ 



4.7 Proofs of results in \2.7\ 

In this subsection, we will demonstrate results in Section 12.71 

we now prove Corollary 12.511 
Proof of Corollary I2.51t By Remark 12.351 there exists a compact subset 
5 of r \ Fmin such that the interior of S with respect to the space F is not 
empty. Let U := -R(F, S). Then, it is easy to see that U is residual in F^, and 
that for each Borel probability measure r on Polydeg>2 with F,- = F, we have 
f{U) = 1. Moreover, by Theorem 12. 401 111 and Theorem 12.401 121 each 7 G W 
satisfies properties [Tf^llHl and [H in Corollary 12.511 Hence, we have proved 
Corollary [2311 □ 
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To demonstrate Theorem 12.52^ we need several lemmas. 

Lemma 4.32. Let T be a compact set in Polydeg>2- Let / : x C — > x C 

be the skew product associated with the family F. Let G be the polynomial 
semigroup generated by F. Suppose that G & Q and that G is semi-hyperbolic. 
Moreover, suppose that there exist two elements a,/? G F^ such that Jpif) < 
Jq,(/). Let 7 G F^ and suppose that there exists a strictly increasing sequence 
{nfcjfceN of positive integers such that o""'=(7) a as k —>■ oo. Then, J^ylf) is 
a Jordan curve. 

Proof. Since G is semi-hyperbolic, [3^ Theorem 2.14-(4)] implies that 

Ja"k(^){f) ^ Jaif) as k oo, (103) 

with respect to the Hausdorff topology in the space of non-empty compact 
subsets of C. Combining it with Lemma 13^ we see that there exists a number 
fco G N such that for each k > ko, 

Mf) < J.^^hM- (104) 

We will show the following claim. 
Claim: int(i^'-^(/)) is connected. 

To show this claim, suppose that there exist two distinct components Ui 
and U2 of mt{K^{f)). Let yi E Ui he a. point, for each i = 1,2. Let e > 
be a number such that D{Kp{f), e) is included in a connected component U 
of int(i^^a(/)). Then, combining [32l Theorem 2.14-(5)] and Lemma F4. 201 we 
get that there exists a number fci G N with ki > ko such that for each k > ki 
and each i = 1,2, 

f,,nM e D{P*{G),e) C D{KpU).e) C U. (105) 

Combining (11051) . (11031) and (11041) . we get that there exists a number A;2 G N 
with k2 > ki such that for each k > k2, 

UndUl) = f,,ndU2) = Vk, (106) 

where Vk denotes the connected component of mt{K„^k{'y){f)) containing 
Jp{f). From (HMf and (fT06|) . it follows that 

iUnJ-\Mf)) C int(ir,(/)) and if,,nJ-\Mf)) H f/, ^ (^ = 1,2), 

(107) 

which implies that 

{f'y,nkr^{Jf3{f)) is disconnected. (108) 
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For each k > k2, let a;^ := (71, . . . , 'jn^, Pi, P2, ■ ■ ■) & T^- Then for each k > k2, 

iUn,)-\Mf)) = JMf)- (109) 

Since G & Q, combining (11081) . fll09p and Lemma [XUl yields a contradiction. 
Hence, we have proved the claim. 

From the above claim and Proposition 14.261 it follows that J^ylf) is a 
Jordan curve. □ 

Lemma 4.33. Let T be a non-empty compact subset o/Polydeg>2- Let / : F^x 
C ^ F^ X C be the skew product associated with the family F of polynomials. 
Let G be the polynomial semigroup generated by F. Let a,p & F^ be two 
elements. Suppose that G & Q, that G is semi-hyperbolic, that a is a periodic 
point of a : , that Ja{f) is a quasicircle, and that Jp{f) is not a 

Jordan curve. Then, for each e > 0, there exist n G N and two elements 
61,62 G dD{0, 1) with 61 7^ 62 satisfying all of the following. 

1. Letuj = («!,..., a„,pi,p2,---) e and let ip : C\D(0, 1) = A^{f) be 
a biholomorphic map with tploo) = 00. Moreover, for each i = 1,2, let 
T{6i) := ip{{r6i | 1 < r < 00}). Then, there exists a point p G Juj{f) 
such that for each i = 1,2, T{6i) lands at p. 

2. Let V\ and V2 be the two connected components o/C\ {T{6i) UT{62) U 
{p}). Then, for each i = 1,2, ViH Juj{f) 7^ 0- Moreover, there exists an 
2 G {1, 2} such that diam (V^ fl K^{f)) < e, and such that Vi fl J^(/) C 
DiJaif),e). 

Proof. For each 7 G F^, let ip-y : C\D{0, 1) = A.y{f) be a biholomorphic map 
with V^^(oo) = 00. Moreover, for each 6 G dD{0,l), let T^{6) := '?/'^({r6' | 
1 < r < 00}) ■ Since G is semi-hyperbolic, combining [35l Theorem 1.12], 
Lemma 13^ and [211 page 26], we see that for each 7 G F^, J-y{f) is locally 
connected. Hence, for each 7 G F^, extends continuously over C \ D(0, 1) 
such that ip-yidD^O, 1)) = J-y{f). Moreover, since G G ^, it is easy to see that 
for each 7 G F^, there exists a number G C with \a^\ = 1 such that for 
each 2; G C \ D{0, 1), we have ■^^{7) ° f-zA ° "^-yi^) — 0"yZ'''^'^\ 

Let m G N be an integer such that a™" (a) = a and let h := am o ■ ■ ■ o ai. 
Moreover, for each n G N, we set c<j" := (ai, . . . , amn, P\, P2, . . •) G F^. Then, 
a in F^ as n ^ 00. Combining it with [3^ Theorem 2.14-(4)], we 

obtain 

Jujr^if ) ^ Jaif) as n 00, (110) 

with respect to the Hausdorff topology. Let ^ be a Jordan curve in mt{K{h)) 
such that P*{{h)) is included in the bounded component i? of C \ ^. By 
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ffTTUD . there exists ak eN such that n U 5) = 0. We now show the 

following claim. 

Claim 1: ^ C mt{K^k{f)). 

To show this claim, suppose that ^ is included in A^fc(/) = C \ {K^k{f)). 
Then, it implies that f^k^u — > oo on P*{{h)) as m — > oo. However, this is a 
contradiction, since G & Q. Hence, we have shown Claim 1. 

By Claim 1, we see that P*{{h)) is included in a bounded component Bq 
of int(i^'^fc (/)). We now show the following claim. 
Claim 2: Jujk{f) is not a Jordan curve. 

To show this claim, suppose that J^k (/) is a Jordan curve. Then, Lemma l4.30l 
implies that Jp{f) is a Jordan curve. However, this is a contradiction. Hence, 
we have shown Claim 2. 

By Claim 2, there exist two distinct elements ti, ^2 £ dD{0, 1) and a point 
Po G Jujk{f) such that for each i = 1,2, Tp(ti) lands at the point po. Let Wq 
be the connected component of C\ (Tp(ti) UTp(t2) U {po}) such that Wq does 
not contain i?o. Then, we have 

w^np*((/i)) = 0. (Ill) 

For each j G N, we take a connected component Wj of (/i-')~^(Wo)- Then, 
/i^' : Wj Wo is biholomorphic. We set Q ■= (^^V,)"^ on Wo- By ffTTTD . 
there exists a number i? > and a number a > such that for each j, (j is 
analytically continued to a univalent function Q : -B(Wo H D{0,R),a) C 
and n {J^k+j{f)) C Ci(W^o n D(0, i?)). Hence, we obtain 

diam {Wj n K^k+j{f)) = diam (!¥,■ n J^k+j{f)) as j oo. (112) 

Combining (11 101) and (I112p . there exists an s G N such that diam {Ws H 
K^k+s{f)) < e, and such that Wg n J^k+s{f) C D{Ja{f),e). 

Each connected component of (c^H/'.j) fl C is a connected component of 
{h')-^{{T^k{ti)U T^k (t2)U{po})n C), and there are some Mi, . . . , m„ G 9^(0,1) 
such that dWg = U^^j^T^fc+a (wj). Hence, Wg is a Jordan domain. Therefore, 
h' : Ws ^ Wi is a homeomorphism. Thus, h' : (dWs) n C ^ (dWo) f] C 
is a homeomorphism. Hence, {dWg) fl C is connected. It follows that there 
exist two elements 6*1, 6*2 G dD{0, 1) with 9i ^ 62 and a point p G Jujk+s{f) 
such that = T^k+s (6*1) U T^t+s (6*2) U {p}, and such that for each i = 1,2, 
T^k+s{6i) lands at the point p. By (THl Lemma 17.5], each of two connected 
components of C \ (T^k+s{9i) U T^k+s{92) U {p}) intersects Jujk+s{f). 

Hence, we have proved Lemma [4.331 □ 

Lemma 4.34. Let T be a non-empty compact subset of Polydcg>2- Let f : 
X C ^ X C 6e the skew product associated with the family T of poly- 
nomials. Let G be the polynomial semigroup generated by F. Let a, j3, p E F^ 
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be three elements. Suppose that G G Q, that G is semi-hyperbolic, that a 
is a periodic point of a : ^ , that J^{f) < Ja{f), and that Jp{f) 
is not a Jordan curve. Then, there exists an n & N such that setting uo := 
(ai, . . . ,a„,pi,p2, • • •) e andU := {7 G | 3{mj}j^n,3{nk}km,(^"^' il) - 
a, cr"''(7) oj}, we have that for each j & U, J-yif) is a Jordan curve but 
not a quasicircle, A^{f) is a John domain, and the bounded component 
of F^{f) is not a John domain. 

Proof. Let p G N be a number such that a^{a) = a and let m := o ■ ■ ■ o a^. 
We show the following claim. 
Claim 1: J{u) is a quasicircle. 

To show this claim, by assumption, we have Jpif) < J{u). Let ^ := 
(ai,... , Op, /52, . . .) G r^. Then, we have Jc^{f) = u^^{Jp{f)). More- 
over, since G G ^, we have that Jc{f) is connected. Hence, it follows that 
u~^{Jf3{f)) is connected. Let f/ be a connected component of int(i^(M)) 
containing Jplf) and V a connected component of mt{K{u)) containing 
u~^{Jp{f)). By Lemma 13.91 it must hold that U = V. Therefore, we ob- 
tain u'^^{U) = U. Thus, int(i^('u)) = U. Since G is semi-hyperbolic, it follows 
that J{u) is a quasicircle. Hence, we have proved Claim 1. 

Let /i := imin{|6 - c| | 6 G J„(/),c G P*{G)}. Since J^(/) < J,(/), 
we have P*{G) C Kp{f). Hence, /i > 0. Applying Lemma 14.311 to the 
above (/, yu), let 5 be the number in the statement of Lemma l4.31[ We 
set e := min{5, /i}(> 0). Applying Lemma [4.331 to the above (r,a,p, e), 
let (ra, ^1, 6*2, Ci^) be the element in the statement of Lemma l4.33[ We set 
W := {7 G I 3{mj}jeN, 3{rifc}fcgN,a"'^ (7) q;,(t"'' (7) ^ u}. Then, com- 
bining the statement Lemma [4.3 II and that of Lemma [4.331 it follows that for 
any j eU, J-y{f) is not a quasicircle. Moreover, by Lemma [4.32^ we see that 
for any 7 G J^yif) is a Jordan curve. Furthermore, combining the above 
argument, [351 Theorem 1.12], Lemma 13.61 and [21], Theorem 9.3], we see 
that for any 7 G W, A^{f) is a John domain, and the bounded component U-y 
of Fy{f) is not a John domain. Therefore, we have proved Lemma [4.341 □ 

We now demonstrate Theorem 12.521 
Proof of Theorem I2.52t We suppose the assumption of Theorem I2.52[ 
We will consider several cases. First, we show the following claim. 
Claim 1: If is a Jordan curve for each 7 G F^, then statement [T] in 

Theorem 12.521 holds. 

To show this claim. Lemma [4.301 implies that for each 7 G X, any critical 
point V G 7r~^({7}) of f-y : vr~^({7}) — > 7r~^({(j(7)}) (under the canoni- 
cal identification n-^i{-f}) = T^'HWil)}) = C) belongs to F^{f). More- 
over, by [321 Theorem 2.14-(2)], J{f) = U^^rf^J^'if). Hence, it follows that 
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C(/) C F{f). Therefore, C(/) is a compact subset of F{f). Since / is semi- 
hyperbohc, Pl Theorem 2.14-(5)] imphes that P{f) = U„eN ^ 
F{f). Hence, / : x C — > x C is hyperbohc. Combining it with 
Remark I4.16[ we conclude that G is hyperbohc. Moreover, Theorem 14.211 
imphes that there exists a constant K > 1 such that for each 7 G F^, J.^,{f) 
is a ii'-quasicircle. Hence, we have proved Claim 1. 

Next, we will show the following claim. 
Claim 2: If J«(/) n Jfsif) ^ for each (a, (3)eT^x F^, then J(G) is arcwise 
connected. 

To show this claim, since G is semi-hyperbolic, combining [351 Theorem 
1.12], Lemma Em and [21j, page 26], we get that for each 7 G F^, Aj{f) is a 
John domain and J^if) is locally connected. In particular, for each 7 G F^, 

J-y{f) is arcwise connected. (113) 

Moreover, by [32 Theorem 2.14-(2)], we have 

J(/) = U,grN J-'l/). (114) 

Combining flll3p . (11141) and Lemma [3l5l fn we conclude that J{G) is arcwise 
connected. Hence, we have proved Claim 2. 

Next, we will show the following claim. 
Claim 3: If J„(/) H J/jif) ^ for each {a, (3) G F^ x F^, and if there exists 
an element p G F^ such that Jp{f) is not a Jordan curve, then statement 
in Theorem 12.521 holds. 

To show this claim, let V := Unenicr"')^^ {{p}) . Then, V is a dense subset 
of F^. From Lemma HSOl it follows that for each 7 G V, J^yif) is not a Jordan 
curve. Combining this result with Claim 2, we conclude that statement [3] in 
Theorem 12.521 holds. Hence, we have proved Claim 3. 

We now show the following claim. 
Claim 4: If there exist two elements G F^ such that Ja{f) H Ja(/) = 0, 
and if there exists an element p G F^ such that Jp{f) is not a Jordan curve, 
then statement [2] in Theorem 12.521 holds. 

To show this claim, using Lemma 13. 9^ We may assume that Jjsif) < 
Ja{f)- Combining this. Lemma 13. 9^ [3^ Theorem 2.14-(4)], and that the 
set of all periodic points of a in F^ is dense in F^, we may assume further 
that a is a periodic point of a. Applying Lemma [4.341 to (F,a,/3, p) above, 
let n G N be the element in the statement of Lemma 14.341 and we set 
= («i, . . . , a„, pi, p2, . . .) G F^ and W := {7 G F^ | 3(m,), 3(nfc), a^^ (7) ^ 
a, cr"* (7) — > 00} . Then, by the statement of Lemma r4.34[ we have that for each 
7 G W, J-yif) is a Jordan curve but not a quasicircle, A^{f) is a John domain, 
and the bounded component of F^{f) is not a John domain. Moreover, U 
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is residual in F , and for any Borel probability measure r on Polydeg>2 with 
Ft- = F, we have f{U) = 1. Furthermore, let V := Unm{'^"')~^{{p})- Then, 
V is a dense subset of F^, and the argument in the proof of Claim 3 implies 
that for each 7 G V, J-yif) is not a Jordan curve. Hence, we have proved 
Claim 4. 

Combining Claims 1,2,3 and 4, Theorem 12.521 follows. □ 

We now demonstrate Corollary 12.531 
Proof of Corollary 12.531 From Theorem 12.521 Corollary 12.531 immediately 
follows. □ 



To demonstrate Theorem 12.541 we need several lemmas. 
Notation: For a subset A of C, we denote by C{A) the set of all connected 
components of A. 

Lemma 4.35. Let f: XxC^XxCbea polynomial skew product 
over g : X ^ X such that for each x G X, d{x) > 2. Let a (z X he a 
point. Suppose that 2 < jj {C{mt{Ka{f)))) < 00. Then, jj (C{mt{Kg(^a)if)))) < 
H {C{mt{Ka{f)))) ■ In particular, there exists ann G N such that int{Kgn(^a){f)) 
is a non-empty connected set. 

Proof. Suppose that 2 < «(C(int(i^,(„) (/)))) = tl(C(int(ir„(/)))) < 00. We 
will deduce a contradiction. Let {VjYj^i = C(int(fCc,(a) (/))), where 2 < 
r < 00. Then, by the assumption above, we have that C{mt{Kg(^a){f))) = 
{fa,i{yj)Yj=i- For each j = 1, . . . , r, let pj be the number of critical points of 
fa,i '■ Vj — > fa,iiVj) counting multiphcities. Then, by the Riemann-Hurwitz 
formula, we have that for each j = l,...,r, xiYj) + Pj = dx{fa,i(yj)), 
where x(-) denotes the Euler number and d := deg(/Q,,i). Since xiYj) = 
xifa,i{Vj)) = 1 for each j, we obtain r + J2]=iPj = ^d. Since J2j=i Pj — d—1, 
it follows that rd — r < d — 1. Therefore, we obtain r < 1, which is a 
contradiction. Thus, we have proved Lemma [4.351 □ 

Lemma 4.36. Let f: XxC^XxCbea polynomial skew product over 
g : X X such that for each x & X , d{x) > 2. Let uj E X be a point. 
Suppose that f is hyperbolic, that 7f^{P{f)) (1 C is bounded in C, and that 
int(ii'a;(/)) is not connected. Then, there exist infinitely many connected 
components of mt{K^{f)). 

Proof. Suppose that 2 < tl(C(int(i^^^(/)))) < 00. Then, by Lemma 14.351 
there exists an n G N such that int(-ft'gn(^)(/)) is connected. We set U := 
int(ii'gn(^)(/)). Let {VjYj^^ be the set of all connected components of (/a;,„)^^(t/). 
Since int{K^{f)) is not connected, we have r > 2. For each j = 1, . . . , r, we 
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set dj := deg(/^_„ : Vj ^ U). Moreover, we denote by pj the number of crit- 
ical points of f^^n '■ ^ U counting multiplicities. Then, by the Riemann- 
Hurwitz formula, we see that for each j = 1, . . . ,r, xiYj) + Pj = djx{U). 
Since x(V,) = x{U) = 1 for each j = 1, . . . , r, it follows that 

r 

where d := deg(/t^,„). Since / is hyperbolic and n^^P^f)) fl C is bounded 
in C, we have Yl]j=iPj = d — 1. Combining it with (11151) . we obtain r = 1, 
which is a contradiction. Hence, we have proved Lemma 14.361 □ 

Lemma 4.37. Let f : X x C ^ X x C be a polynomial skew product over 
g : X ^ X. Let a ^ X be an element. Suppose that 7r(g(P(/)) (IC is bounded 
in C, that f is hyperbolic, and that mt{Ka{f))) is connected. Then, there 
exists a neighborhood Uq of a in X satisfying the following. 

• Let 7 G X and suppose that there exists a sequence {mj}j^fq C N, mj —>■ 
oo such that for each j G N, 5'™'^ (7) G Uq. Then, J-y{f) is a Jordan 
curve. 

Proof Let P*{f) := P{f) \ vrr^({cx)}). By assumption, we have ^^{P^^f) n 
7r~^({a})) C int(-ft'a(/)). Since int(i^a(/)) is simply connected, there exists 
a Jordan curve ^ in 'm.t{Ka{f)) such that 7i^{P*{f) fl 7r^^({a})) is included 
in the bounded component i? of C \ Since / is hyperbolic, [32l Theorem 
2.14-(4)] implies that the map x 1— > Jx{f) is continuous with respect to 
the Hausdorff topology. Hence, there exists a neighborhood Uq of a in X 
such that for each P E Uq, J^{f) fl U i?) = 0. Moreover, since P{f) is 
compact, shrinking Uq if necessary, we may assume that for each P E Uq, 
7rc(P*(/) n C B. Since 7i^{P{f)) DC is bounded in C, it follows 

that for each P G Uq, ^ < Jp{f). Hence, for each P G Uq, there exists a 
connected component Vp of int(i^';3(/)) such that 

vre(P*(/)nvr-i({/?}))cV^^. (116) 

Let 7 G X be an element and suppose that there exists a sequence {mj}j(zm C 
N, mj — s> 00 such that for each j G N, g"^^{'j) G Uq. We will show that 
int(iir^(/)) is connected. Suppose that there exist two distinct connected 
components Wi and W2 of int(i^^(/)). Then, combining [SSI Corollary 2.7] 
and (I116p . we get that there exists a j G N such that 

7re(P*(/) n 7r-\{p})) c A,™,(iyi) = f,,„.,{W2). (117) 
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We set W = f-y^rrijiWi) = /-y,mj(W^2)- Let {V^i}[=i be the set of all connected 
components of {f^^^ )~^(W). Since Wi ^ W2, we have r > 2. For each 
i = 1, . . . ,r, we denote by pi the number of critical points of f-y^m^ : Vi 
W counting multiplicities. Moreover, we set di := deg(/^,mj : Vi W). 
Then, by the Riemann-Hurwitz formula, we see that for each i = 1, . . . ,r, 
x{Vi} +Pi = dixiW). Since xiV) = xiW) = 1, it follows that 

r 

r + ^Pi = d, where d := deg(/^,mj. (118) 

i=l 

By f lll7p . we have Yll=i Pi — d — 1. Hence, f lll8p implies r = 1, which is a con- 
tradiction. Therefore, int(-ft'-^(/)) is a non-empty connected set. Combining 
it with Proposition I4.26[ we conclude that J-y{f) is a Jordan curve. 

Thus, we have proved Lemma 14.371 □ 

We now demonstrate Theorem 12.541 
Proof of Theorem I2.54t We suppose the assumption of Theorem I2.54[ 
We consider the following three cases. 
Case 1: For each 7 G F^, int(-ft'^(/)) is connected. 
Case 2: For each 7 G F^, int(i^'^(/)) is disconnected. 

Case 3: There exist two elements a G F^ and /3 G F^ such that int{Ka{f)) 
is connected and such that int(i^'/3(/)) is disconnected. 

Suppose that we have Case 1. Then, by Theorem 14. 21^ there exists a 
constant K > 1 such that for each 7 G F^, J^(/) is a i^-quasicircle. 

Suppose that we have Case 2. Then, by Lemma 14.361 we get that for 
each 7 G F^, there exist infinitely many connected components of int(i^^(/)). 
Moreover, by Theorem 12. 52[ we see that statement [3] in Theorem 12. 521 holds. 
Hence, statement [S] in Theorem 12.541 holds. 

Suppose that we have Case 3. By Lemma r4.36[ there exist infinitely many 
connected components of mt^Kp^f)). Let W := U„gN(o"")~^({/5}). Then, for 
each 7 G W, there exist infinitely many connected components of int(i^'-^(/)). 
Moreover, W is dense in F^. 

Next, combining Lemma 14.371 and that the set of all periodic points of 
cr : F^ ^ F^ is dense in F^, we may assume that the above a is a periodic 
point of cr. Then, Jq,(/) is a quasicircle. We set V := U„gN(o"")~H{'^})- 
Then V is dense in F^. Let 7 G V be an element. Then there exists an 
n G N such that cr"(7) = a. Since {f^^n)~^{Ka{f)) = K^if), it follows that 
tl(C(int(ii'^(/)))) < 00. Combining it with Lemma 14.361 and Proposition 14.261 
we get that J-yif) is a Jordan curve. Combining it with that Ja{f) is a 
quasicircle, it follows that J-yif) is a quasicircle. 

Next, let /i := |min{|6-c| | b G J(G'), c G P*{G)}{> 0). Apply- 
ing Lemma 14.311 to (/, fi) above, let 6 be the number in the statement of 
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Lemma |4.31[ We set e := mm{6, fi} and p := (3. Applying Lemma 14.331 
to (r,a,p, e) above, let (ra, 6'i, 6'2, cj) be the element in the statement of 
LemmallM LetW := {7 e L^ | 3{m,}jeN, 3K}feeN, cr"^ (7) ^ a,cr"^(7) ^ 
a;}. Then, combining the statement of Lemma [4.311 and that of Lemma [4.331 
it follows that for any 7 e W, J^{f) is not a quasicircle. Moreover, by 
Lemma [4.371 we get that for any ■y eU, J'y{f) is a Jordan curve. Combining 
the above argument, [351 Theorem 1.12], Lemma [3. 6[ and [211 Theorem 9.3], 
we see that for any 7 G W, A^{f) is a John domain, and the bounded compo- 
nent of F^{f) is not a John domain. Furthermore, it is easy to see that U 
is residual in F^, and that for any Borel probability measure r on Polydeg>2 
with F,- = F, f{U) = 1. Thus, we have proved Theorem I2.54[ □ 

Remark 4.38. Using the above method (especially, using Lemma 14.281 
Lemma 14.311 and Lemma I4.37P , we can also construct an example of a poly- 
nomial skew product / : — > C'^,f{x,y) = {p{x) , qx{y)) , where p : C ^ C 
is a polynomial with deg(p) > 2, g^,' : C ^ C is a monic polynomial with 
deg(ga;) > 2 for each x G C, and (x, y) — > qx{y) is a polynomial of (x, y), such 
that all of the following hold: 

• / satisfies the Axiom A; and 

• for almost every x G J{p) with respect to the maximal entropy measure 
of p : C ^ C, the fiberwise Julia set Jx{f) is a Jordan curve but not a 
quasicircle, the fiberwise basin Ax{f) of cxd is a John domain, and the 
bounded component of Fx{f) is not a John domain. 

For the related topics of Axiom A polynomial skew products on C^, see [8]. 

We now demonstrate Proposition 12.571 
Proof of Proposition 1^371 : Since P*{G) C mt{K{G)) C F{G), G is 
hyperbolic. Let 7 G F^ be any element. We will show the following claim. 
Claim: int(fr-y(/)) is a non-empty connected set. 

To show this claim, since G is hyperbolic, int(i^'-^(/)) is non-empty. Sup- 
pose that there exist two distinct connected components Wi and W2 of 
int(/r^(/)). Since P*{G) is included in a connected component U of int(i^(G)) 
C F{G), [3HI Corollary 2.7] implies that there exists an n G N such that 
P*{G) C UniWi) = hniW2). Let W := UniWi) = A,n(W^2). Then, any 
critical value of f^^n in C is included in W. Using the method in the proof 
of Lemma [4.371 we see that {f-y,n)~^iW) is connected. However, this is a 
contradiction, since Wi 7^ W2- Hence, we have proved the above claim. 

From Claim above and Theorem 14.211 it follows that there exists a con- 
stant K > 1 such that for each 7 G F^, J^{f) is a i^'-quasicircle. 

Hence, we have proved Proposition 12.571 □ 
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4.8 Proofs of results in 12.81 

We now demonstrate Proposition 12. 581 

Proof of Proposition 12.581 Conjugating G hj z ^ z + b, we may assume 
that 6 = 0. For each /i G F, we set ah := a{h) and dh '■= deg{h). Let r > be 
a number such that D{0,r) C int(i^(G')). 

Let /i G F and let a > be a number. Since d > 2 and {d, d^) 7^ (2, 2), it 

is easy to see that (^)^ > 2 (^]^(^)^ j if and only if 

< Xr^r^^(log2 - J-logM _ Logr). (119) 
d+ dh — dhd dh 2 d 

We set 

/ d{d-l)dh , 1 |a/,| 1 x\ X 

Co := mmexp — — v-i(log2 - — log — - -logr) G (0,oo). 

/ler \d + dh — dhd dh 2 d J 

(120) 

Let < c < Co be a small number and let a G C be a number with < \a\ < c. 
Let ga{z) = az'^. Then, we obtain K{ga) = {2; G C | |2;| < (|^)~} and 

g-\{z eC\\z\=r}) = {zeC \ \z\ = {0}. Let := D(0,2(^)^). 

Since h{z) = ahZ'^'^{l + o(l)) {z 00) uniformly on F, it follows that if c 
is small enough, then for any a G C with < \a\ < c and for any h E T, 

h-^{Da) C 1^ G C I 1^1 < 2 (^(^)'^"^) ^'^ I . This implies that for each h G 

r, 

h-\D,)(lg~\{zeC\\z\<T}). (121) 

Moreover, if c is small enough, then for any a G C with < \a\ < c and any 
/i G F, 

k{G) C g-\{z G C I < r}), /i(C \ Z^„) C C \ D^. (122) 

Let a G C with < |a| < c. By f ll2ip and f ll22p . there exists a compact 
neighborhood V of in Polydeg>2, such that 

k{G) U IJ h-^{Da) C int (□^^^^"^({z G C | |z| < r})) , and (123) 
her 



U /i(C\DjcC\D„ (124) 

which implies that 

int(i^(G')) U (C \ Da) C F(i7ry), (125) 
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where -ffry denotes the polynomial semigroup generated by the family F U K 
By (I123p . we obtain that for any non-empty subset V of V, 



K{G) = K{Hry'), (126) 

where H-py denotes the polynomial semigroup generated by the family ru\^'. 
If the compact neighborhood V of Qa is so small, then 

[jCV*ig)CmtikiG)). (127) 

g&V 

Since P*{G) C KiG), combining it with (fT^ and ffTTH) . we get that for 
any non-empty subset V of V, P*{Hry') C K{Hry ). Therefore, for any 
non-empty subset V of V, Hry G Q. 

We now show that for any non-empty subset V of V, J{Hryi) is discon- 
nected and (r U l^')min C. T. Let 

U := (int(fl ^-^({^ G C I |z| < r})) ) \ (J h-\D^). 
\ a&v J her 

Then, for any /i G F, 

h{U)cC\Da. (128) 

Moreover, for any g eV, g{U) C int(i^(G')). Combining it with ffT25D . ffT28l) . 
and Lemma [3 .11 121 it follows that U C F{Hry). If the neighborhood V of ga 
is so small, then there exists an annulus A in U such that for any g & V, A 
separates J{g) and Ufi<^rh~^{J{g)). Hence, it follows that for any non-empty 
subset V of V, the polynomial semigroup H^y generated by the family 
T UV satisfies that J{Hry) is disconnected and (T U V')uiin C T. 

We now suppose that in addition to the assumption, G is semi- hyperbolic. 
Let V be any non-empty subset of V. Since (T U V')rnm C F, Theorem 12.411 
implies that the above H^y' is semi-hyperbolic. 

We now suppose that in addition to the assumption, G is hyperbolic. Let 
V' be any non-empty subset of V. By (11261) and (11271) . we have 

U GV*ig)Cmt{KiH^y)). (129) 
geruy^ 

Since (F U l^')min C. F, combining it with (I129p and Theorem 12. 42^ we obtain 
that Hryi is hyperbolic. 

Thus, we have proved Proposition I2.58[ □ 
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We now demonstrate Theorem 12.611 
Proof of Theorem 12. 61t First, we showlH Let r > be a number such that 
D{bj, 2r) C mt{K{hi)) for each j = 1, . . . , m. If we take c > so small, then 
for each (02, . . . , ctm) £ C"^""*^ such that < \aj\ < c for each j = 2, . . . , m, 
setting hj{z) = aj{z — hjY^ + hj (j = 2, . . . , m), we have 

h,{K{hi)) C D{bj, r) C mt{K{hi)) (j = 2, . . . , m). (130) 

Hence, K{hi) = K{G), where G = {hi, . . . , /i^). Moreover, by fllSOp . we have 
P*{G) C Kihi). Hence, G eQ. 

If (hi) is semi-hyperbolic, then using the same method as that of Case 1 
in the proof of Theorem 12.411 we obtain that G is semi-hyperbolic. 

We now suppose that (hi) is hyperbohc. By (11301) . we have U^2^^*(^i) <^ 
int(-ft'(G')). Combining it with the same method as that in the proof of The- 
orem [2]42l we obtain that G is hyperbolic. Hence, we have proved statement 

m 

We now show statement [21 Suppose we have case (i). We may assume 
dm > 3. Then, by statement [H, there exists an element a > such that 
setting hj{z) = a{z - bjY^ + bj (j = 2, . . . , m - 1), Go = {h, . . . , hm-i) 
satisfies that Gq & Q and K{Go) = K{hi) and if {hi) is semi-hyperbolic 
(resp. hyperbolic), then Go is semi- hyperbolic (resp. hyperbolic). Combining 
it with Proposition 12.581 it follows that there exists an > such that 
setting hra{z) = am{z - bmY"" +bm, G = {hi, . . . , hm) satisfies that G G Qdis 
and K{G) = K{Gq) = K{hi) and if Gq is semi- hyperbohc (resp. hyperbolic), 
then G is semi- hyperbolic (resp. hyperbolic). 

Suppose now we have case (ii). Then by Proposition I2.58| there exists 
an 02 > such that setting hj{z) = a2{z — bjY + bj (j = 2, . . . ,m), G = 
{hi, . . . ,hm) = {hi,h2) satisfies that G G Qdis and K{G) = K{hi) and if 
{hi) is semi-hj^erbolic (resp. hyperbolic), then G is semi- hyperbolic (resp. 
hyperbolic). 

Thus, we have proved Theorem 12.611 □ 

We now demonstrate Theorem 12.631 
Proof of Theorem I2.63t Statements [2] and [3] follow from Theorem 12.611 

We now show statement [H By [36, Theorem 2.4.1], Tim and Tim H 
are open. 

We now show that Tim^^m is open. In order to do that, let {hi, ... , hm) G 
Hm n Bm- Let e > such that D{P*{{hi, hm)), 3e) C F{{hi, hm))- 
By [321 Theorem 1.35], there exists an n G N such that for each (^l, ...,«„) G 
{l,...,m}", 

K„---h,,{D{P*{{hi,...,hm)), 2e))cD{P*{{hi,...,hm)), e/2). 
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Hence, there exists a neighborhood U of {hi,...,hm) in (Polydcg>2)™ such 
that for each {gi, . . . , gm) € U and each (zi, . . . , z„) G {1, . . . , m}", 

gi^---g,,{D{P*{{hu...,h^)), 2e)) C D{P*{{h, . . . ,hj), e). 

If f/ is small, then for each {gi,...,gm) e U, U]l-^CV*{gj) C D{P*{{hi, h^)), e). 
Hence, if U is small enough, then for each ((yfi, . . . , gm) G U, P*{{gi, . . . , g-m)) C 
D{P*{{hi, hm)), e). Hence, for each {gi, ...,gm) e U, {gi, ...,gm) e G- 
Therefore, Hm H Bm is open. 

Thus, we have proved Theorem 12.631 □ 
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